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Let  E  be  a  complex  separable  Banach  space,  U  be  a  non- 
empty open  subset  of  E,  x  be  a  strictly  positive  lower  semi- 
continuous  function  on  U  such  that  d(x,9U)  >  t(x)  for  every 
x  e  U.   Let  8  (U)  denote  the  collection  of  all  finite  unions 
of  closed  balls  B  (x)  with  center  x  e  U  and  p  <  x (x)  and  let 
H _(U)  be  the  algebra  of  the  complex  holomorphic  functions  in 
U  which  are  bounded  in  every  set  of  8  (U)  furnished  with  the 
Frechet  topology  of  the  uniform  convergence  over  the  elements 
of  BT(U)  . 

The  main  results  are:   if  A  e    B    (U) ,  then  A  is  bounded, 

if  and  only  if,  its  x-holomorphy  hull  is  bounded;  if  A  e  B  (U) 

n  _ 
and  A  =   u  B   (x.)  and  zn  is  some  element  of  the   T-holomorphy 
i=l  pi 

hull  of  A,  then,  every  f  e  H  (U)  is  holomorphic  on  B  (z0)  and 

for  every  p  <  r,  [|  f|L  .   .  <  ||  f[|,  .  ,  where  r  =    m  i  n 

pl"0j        {p> A  i=l,2,...,n 

{t(x.)  -  p.},  0  <  p.  <  x(x.),  x.  e  U;  if  U  is  bounded  the 
following  are  equivalent: 


(i)  U  is  a  domain  of  x-holomorphy . 

(ii)  U  is  x-holoniorphically  convex, 

(iii)  Every  boundary  point  of  U  is  x-essential. 

(iv)  For  every  sequence  {£  }   N  of  points  of  U  with 

d(£  ,3U)  +   0  as  n  ■*  °°,  there  exists  f  e  H  (U)  such  that 

S  U  p{|f  (?  )  |}  =  =o. 

n  ■>  °° 

If  U  is  bounded  and  is  approximated  from  the  inside  by  a 

principal  sequence  of  domains  {D  }  „,    then  if  each  domain  Dn 

is  x-holomorphically  convex  relative  to  U,  then  U  is  a  domain 

of  T-holomorphy;  if  in  addition  U  is  T-semicomplete  and  if 

each  of  the  domains  D   is  T-holomorphically  convex  relative 

to  D  , ,  ,  then  U  is  domain  of  T-holomorphy;  if  each  D   is  a 
n+1'  tr   j  i  n 

domain  of  T-holomorphy  and  U  is  T-complete,  then  U  is  a  domain 
of  T-holomorphy. 

Suppose  now  that  E  is  a  locally  convex  Hausdorff  space 
and  an  open  subset  U  of  E  is  approximated  from  the  inside  by 
a  principal  sequence  of  domains  {D  }   „.   If  each  of  the  domains 

D   is  pseudoconvex,  so  is  U;  if  each  D   is  polynomially  convex 

n     c  n     L 

and  if  E  has  the  approximation  property,  then  U  is  pseudoconvex 
and  Runge . 

Finally  it  is  shown  that  if  M  is  a  complex  analytic  Banach 
mainifold,  then  the  Kobayashi  pseudodistance  is  the  largest  for 
which  every  holomorphic  mapping  from  the  unit  disk  of  the  com- 
plex plane  into  a  complex  analytic  Banach  manifold  is  distance- 
decreasing  while  the  Caratheodory  pseudodistance  is  the  smallest 
pseudodistance  for  which  every  holomorphic  mapping  from  the 
complex  analytic  manifold  to  the  unit  disk  of  the  complex  plane 
is  distance-decreasing. 
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INTRODUCTION 

The  study  of  holomorphic  mappings  defined  on  Banach 
spaces  has  received  considerable  attention  in  recent  years. 
This  dissertation  contains  new  results  relating  to  certain 
kinds  of  holomorphy  on  a  complex  Banach  space. 

The  notion  of  a  domain  of  holomorphy  arises  naturally 
with  the  study  of  holomorphic  functions  on  a  non-empty  open 
subset  of  C  .   In  particular,  an  open  subset  U  of  Cn  is  said 
to  be  a  domain  of  holomorphy,  if  and  only  if,  there  exists 
a  holomorphic  function  defined  on  it  which  cannot  be  extended 
analytically  beyond  any  point  of  its  boundary  9U.   It  is 
known  that  in  this  case  U  is  a  domain  of  holomorphy,  if  and 
only  if,  U  is  holomorphically  convex  ([  2],  [10],  [15],  [17]). 

The  situation  is  different  on  complex  Banach  spaces. 
As  a  matter  of  fact,  if  U  is  a  holomorphically  convex  domain 
in  a  complex  Banach  space,  then  it  need  not  be  a  domain  of 
holomorphy  [11].   Moreover,  the  situation  is  different  when 
one  moves  from  one  complex  Banach  space  to  another.   The  main 
reason  is  the  behavior  of  the  bounding  sets  on  a  complex 
Banach  space.   A  closed  bounded  subset,  A,  of  a  complex  Banach 
space,  E,  is  said  to  be  bounding  if  every  complex  valued 
holomorphic  function  on  E  is  bounded  on  A.   For  certain  complex 
Banach  spaces,  in  particular,  for  separable  or  reflexive  spaces, 


the  bounding  subsets  are  precisely  the  compact  subsets,  while 
there  are  examples  of  non-compact  bounding  subsets  of  other 
complex  Banach  spaces  ([4],  [5]). 

In  Sections  1  and  2  of  Chapter  I  of  this  dissertation, 
we  primarily  consider  a  separable  complex  Banach  space  E  and 
a  kind  of  holomorphy,  the  x-holomorphy ,  which  is  due  to 
M.  Matos.   In  particular,  M.  Matos  has  proved  (see  Preliminaries 
and  Section  1.1  for  the  corresponding  notations  and  definitions) ; 

THEOREM  (MATOS).  Let   E  be   a   complex  i>epafiable  Banach  Apace 
and  let    U    be   a   non-empty   open   tablet   ofa    E.  Thin,    the    faollowLna 
ane    equivalent: 

(a)  U  A~i>    a    domain   ofa    i-holomoftphy . 

(b)  Fo/i  evety   A    e    B    ill),    Aj.  li>    bounded   and   d(Au,3U)  >  0. 

(c)  Ihene  li>    fa   -in   H    (U)  6uch   that   It  i-6    impoAA-ible   to 
faJLnd   two    open   connected  AubAet-b    U-.    and    Li„    o  fa    E  A,at<Li>  fay-ina    the 
faollouilng    cond-Lt-ionA: 

U)   U  n  U7  d  U2,  U2    *    (J),  U?  i    U. 
[li.)      Then.e  li>    fa-,    e  H[li-j)    Auch   that    fa    =    fa  ^    on   l\„. 

In  Section  1.1,  the  primary  result  is  a  local  continuation 
theorem,  namely: 

THEOREM  I. 1.10.  let   E  be   a   complex  Aepanable  Banach  Apace. 

let   U  be  a    non-empty   open   tablet   o fa    E.  let   A  e  8  (U)  and 

-6 appose   that      A    =      u   B   (x;)  and  let   n.    =    m   I   n  {xtx-J-p-}. 

*       i  0    '  A,  'in  A*  A. 

jl=\      h \l  <l=  I ,  I ,  .  .  . ,  n 

Let   zQ    be  an   element   ofa   A^.      Then  Ifa    fa    e   H    ( U) ,    then    fa   -la 

holomon.ph.lc   on  B  AzA.      And  moneoveti,    faoK   evety  p   <  n.  and   faon. 
eveiy   fa    e    fMU],    we   have    \\  fa\\Bp(z    j    *    ||   fa\\{p]    . 


Section  1.2  is  concerned  with  the  problem  of  convergence 
of  a  principal  sequence  of  domains  of  i-holomorphy .   (See 
Section  1.2  for  the  corresponding  notations  and  definitions.) 
We  are  showing  that: 

THEOREM  1.2.9.  Let   E  be  a   complzx  &epan.able.   Banach  Apace, 
and  let    U   be   a    bounded   and   T-compZete.   domain   In    E.  Suppose. 
that   U  i.h    approximated   fatiom  the  <Lni>lde.    by  a   pK-Lnc-ipat  Ae.qu.ence. 
o{    domain*    o{    x-holomofiphy    {V    }   ...  Then    U   -t-6  a   domain   o & 
T-kotomoA.phy . 

Section  1.3  deals  with  the  problem  of  convergence  of 
certain  kinds  of  domains  on  locally  convex  Hausdorff  spaces. 

In  Chapter  II,  we  introduce  complex  analytic  Banach 
manifolds,  and  we  furnish  them  with  two  pseudometrics ,  the 
Caratheodory  and  Kobayashi  pseudodistances .   We  are  also 
proving  that  the  Kobayashi  pseudodistance  is  the  largest 
for  which  every  holomorphic  mapping  from  the  unit  disk   of 
the  complex  plane  into  a  complex  analytic  Banach  manifold  is 
distance-decreasing  while  the  Caratheodory  pseudodistance  is 
the  smallest  pseudodistance  for  which  every  holomorphic  mapping 
from  the  complex  analytic  manifold  to  the  unit  disk  of  the 
complex  plane  is  distance-decreasing.   The  pseudodistances 
permit  us  to  obtain  main  results  on  complex  analytic  Banach 
manifolds  by  a  purely  topological  method.   They  enable  us 
also  to  give  geometric  insight  into  function  theoretic  results. 

In  particular,  for  results  in  Cn  see  [3]  and  [12]. 


PRELIMINARIES 

In  this  paper  the  notation  and  terminology  used,  unless 
otherwise  stated,  is  that  of  Nachbin  [16].   For  the  sake  of 
completeness,  however,  we  recall  certain  theorems  and  defini- 
tions needed  in  the  sequence. 

Let  E  and  F  be  two  complex  Banach  spaces.  If  z  e  E  by 
B  (z)  we  denote  the  open  ball  with  center  z  and  of  radius  r 
while  by  B  (z)  we  denote  the  closed  ball  of  center  z  and  of 
radius  r.  We  reserve  the  letters  R  and  C  to  denote  the  set 
of  real  and  complex  numbers  respectively  throughout  this 
paper.  Similarly,  we  reserve  the  letter  N  to  denote  the  set 
of  natural  numbers. 


THEOREM  0.1.  Let  Lm(E,F)  =  {T:  T  is  a  continuous  m-LlnQ.dK. 
map  faJiom  E  Into  F  }.  Then  L  (E,F)  is  a  Banach  space  with 
nespect  to   thz   pointwise   vectot   operations    and   noim  defined 

by 

I     '    1  X  -I  ,  Xn  ,  .   •  •  ,  X^  J    || 

\T\\     =  s    u   p  {.on.    II  x-ll     *    0   and 

II  II  ll  II  x, 

rm  x  t       x 

XeE  ii       j  ii  ii      m  ii 

i    =     1  , 2 ,  .  . .  ,m . 

DEFINITION  0.2.  Let   L™[E,F)    denote   the   closed   vector  sub- 
space    0^    L    (E,F)  o  (5  all   m-linean   maps    T:    Em   -*■  F  which   an.e 
s ymmetnic. 


DEFINITION   0.3.      Let   A  e    Lm(E,F).      V  z.{lnz  Its   s  ymme.tn,lzatlo  n 
A4    e    lJ(E,F]    by 

A      [xux2,  ..  .  ,x   ]    =    (.I/mi]    Z   A(x.    ,  x-    ,  .  .  . ,  x  .    ] 

u)ken.e   the.   s ummatlo n   Is    taken   0v2.fi   tke   ml    premutations 

Note  that  ||  A  ||  ^  ||  a||  and  moreover  that  the  map 
A  -*■   A   is  a  continuous  projection  from  L  (E,F)  onto  L  (E,F)  . 
In  the  sequence  we  write  Lm(E)  and  Lm(E)  for  Lm(E,C)  and 
Lm(E,C)  respectively.   Finally,  if  x  e  E  and  A  e  Lm(E,F)  we 
write  Ax   to  denote  A(x,x,...,x)  and  Ax   to  denote  A. 


DEFINITION  0.4.   A  continuous    m- komoge.ne.ouA    polynomial   V    {n.om 
E  Into    f   Is    a   mapping    P    {on.   wklck   tke.ne.  Is    a   map   A  e  L  (E,F) 
suck  tkat   P(x]  =  Ax  {on,   even.y   x  e  E.   We  uiilte.   P   =  A  to 
denote  tkat   P  con.n.esponds    to   A  tkat  way. 

THEOREM  0.5.  I  {    Pm  (  E , F )  denote*    tke.  set   o{   all   continuous 
m-komoge.neous    polynomials    {n.om   E  Into    F  tken,  P    (E,F)  become.* 
a  Eanack  space  wltk  nespzct  to   tke.  polntwlse.   vecton.  opzn.atlons 
and   nonm   defined   by 

||P  ||   .-  6up   J|P(*)|| 

x*0         ||  x  || 

Observe  that  if  m  =  0  then  P  (E,F)  is  just  the  set  of 
all  constant  maps  from  E  into  F. 

THEOREM  0.6.  Tke   map   A  ■*■   A  {/torn    L^(E,F)  onto    Pm(E,F)  Is    a 
vecton.  Isomonpklsm  and   komcomonpklsm.      Mon.e.oven. 


A||      <     ||  All      <    (mm/m!)  ||  A| 


and    [m    /m!  )    i.&    thz    bzi>t   univ zn.A al   constant. 


DEFINITION   0.7.      A    continuous    polynomial    P    fan.om    E  Into  F   <l&    a 

mapping    P:    E   ■*    F    ^04.  vok<Lch   thzn.z   an.z   m    e    U    u    {0}    and 

P.     e    Pfe(E,F)     (0    <    fe    <    m)    4ac/i   *ha£    P    =    P„    +    PT    +    .  .  .    +    P    . 

I  {,    P   *    0   thzKZ  -t-6    onz   and   only  one.  such   zxpn.zi>i>ion    ^on.   P  with 

V,    *    0    &oa   i>omz    k    =    0 ,  1 ,2 ,  .  .  .  ,m. 

The.   dzgn.zz   o{>    P  is    dz&inzd  to    be.   the.   numbzn.  m.      1^    P   =    0 
thzn  the.   de.gn.zz   ofi    P   may   bz   takzn   as    zithzn   zqual  to    -1    on. 
to    -°°.      We   dznotz   by   P(E,F]    thz   vzcton.  spacz   ofi   all   continuous 
polynomial*    fi/iom    E   into    F. 

DEFINITION   0.8.      A   powzn.  szn.izs    ^n.om   E   to    F   about   x   e    E,    is 
a  szn.izs    in   thz   van.iablz    z    e  E   0  fa   thz    {,on.m 

00  CO 

(0.1)  Z      A    (z-x)m    =      I      P    (z-x) 

n         m  n        W 

m=0  m=0 

whzn.z   A      e    L    (E.F)    and   P      =    A      Xoa.    zvzn.y   m    =    0,1,2,...    . 
m  s       '  m  mG  y  *    >    > 

Thz  n.adius    0 &    convzn.gzncz   o&   thz  abovz   powzn.  szn.izs   is 

thz  lan.gzst  n.,    n.   e    [0,°°],    such  that  thz   powzn.  szn.izs   is 

uni{on.mly   convzn.gznt   on    zvzn.y   8    (x)    ^on.   0    <   p   <   n.. 

P 

THEOREM   0.9.       (Cauchy-Hadamard)       Thz   n.adius    o{    convzn.gzncz 
0 (5   thz   powzn.  szn.izs    0 £   thz   dz^inition   O.S.    is    givzn   by 

In-  II     n       \\      1  I  W\-} 

n.   =    [l^msup      P 

in     m  11 


It  is  easy  to  verify  that  the  power  series  of  the  Defini- 
tion 0.8.  is  convergent,  if  and  only  if,  the  sequence 

CII  P  II  1/m>   m   is  bounded. 

11      m"  meN 

DEFINITION   0.10.       Lzt   E    and    F    b<L   two    complex   Eanach  t>pacz& 
and  lit    U   be   a   non-empty   open  AubAdt   o  &    E.      A   mapping    fa    faiom 
U  -into    F      li>      i>ald   to    be    ko.tomoA.ph.ic   -in    U    [-in  the   We-ce-'U-fuUA 
4en-4e)    Ifa    co A.A.e-6 ponding    to    eveny   x    e    U   thzfie   ait   K   >    0    and   a 
powzfi   &2.ti<l<Li>    ofa    [0.1]    fafiom   E   to    F   about   x   &u.ah   that 
U)      8A(x)    =    u 

00 

[JLJL]       fa[z)  E   P  (z-x)  unlfaotimlu    faon    eve>iy    z  e  B.(x). 

m=  0 

In  the  case  above  we  write  f  e  H(U,F)   and  observe  that 
H(U,F)  is  a  vector  space  with  respect  to  the  pointwise  vector 
operations.   We  remark  that  the  above  series  of  Definition 
0.10.  is  unique  at  every  x  e  U  and  this  series  is  called  the 
Taylor's  series  of  f  at  x. 

Let  P   e  Pm(E,F)  correspond  to  Am  e  Lm(E,F)  by  Pm  =  A  . 
We  set  the  notations 


dmf (x)  =  m!A   and  dmf(x)  =  m!A 
m  m 

so  we  have  the  differential  mappings 

dmf:  x  e  U  ■>  dmf  (x)  e  L™(E,F) 
dmf:  x  €  U  •>  dmf(x)  e  Pm(E,F) 
and  the  differential  operators  of  order  m  e  N  u  {0} 

dm:  f  e  H(U,F)  ■*  dmf  e  H(U,L™(E,F)) 
dm:  f  e  H(U,F)  ■*  dmf  e  tf  (U  ,Pm  (E  ,F)  ) 


THEOREM   0.11.       (Cauchy    integral)       Let    i    e    H{U,  F)  ,     z    e    (J, 

x    e    (J,    and  A    >    0    be   iucfe   ifiat    [7-A)z    +    Ax    e    (J    ^oa.   every 
A    e    C,    w^-tfr    |  A  |     <   /l.       T/ien 


7  tf(  (7-A)z  +  Ax) 

rf{x)    =   /       dX 

2-nl    \\\»JL  A- 7 


THEOREM  0.12.  Let    $  e  H(U,F],  z  e  U,  x  e  E,  and   H    >    0    be 
iacfi  ^ha-t  z  +  Ax  e  U  £oa.  every    A  e  C,  wu.;tn  |A|  <  a..   Then  ^oa 
every  m   e   M   u  {0}  we  have 

(m!)"J  dm^(z)(x)  =  [It\1)-]  i      (^(z  +  Ax)A"(m+n)dA. 

THEOREM    0.13.       (Cauchy    inequalities)       Let    E    and    F    be   £wo 
complex   Banach  ApaceA    and  let    U    be   a   non-empty   open  &u.bi>et 
o j5    E.      Suppose   £ka£    (J    e    H(U,F)    and  tfiat    ^oa   z    e    U  there  li> 
iome  r   >    0  tuck  that   S    (z)    li>    contained  In   U.      Then    ^or   each 
m   e   N    u    {0}   we   have 

Wjp-     d.miiz)\\     *  -L-     4    a  p  ||  i(x)\\ 

r        ii  n 

Some  of  the  properties  of  the  holomorphic  mappings  on 
C   can  be  extended  on  the  holomorphic  mappings  on  a  complex 
Banach  space.   We  are  proving  here  that  the  principle  of 
analytic  continuation  is  valid  on  complex  Banach  spaces. 

THEOREM  0.14.  Let   E  and    F  be  two    complex   Banack  t>pacei>    and 
AuppoAe  that    fi   t-i>    an   holomorphic   mapping    farom    E  tnto    F.   I  jj 
(J  x.4  equal   to    zero    on  &ome    non-empty   and   open  AubAet   ii   o £    E, 
then   we  have    $    =    0   on   E. 


PROOF:   Let  S  =  {z  e  E:  dmf(z)  =  0  for  all  m  e  N  u  {0}}. 
Clearly  S  is  non-empty.   Moreover  for  fixed  m  e  N  the  set 
S   =  {z  e  E:  d  f (z)  =  0}  is  closed  because  of  the  continuity 
of  d  f  and  then  the  set  S  is  closed  being  the  intersection  of 

all  closed  sets  S   for  m  e  N.   Now,  let  a  €    S.   Since  f  is 

m 

assumed  to  be  holomorphic  on  E  and  since  a  e  S  then,  we  can 
find  some  neighborhood  V  of  a  in  E  such  that  the  Taylor's 
series  expansion 

CO 

I    (ml)"1  dmf(a)  (z-a)m 
m=0 

converges  to  f(z)  for  every  z  e  V  according  to  the  definition 
0.10.   But  we  have  that  d  f (a)  =  0,  because  a  e  S,  for  every 
m  e  N.   Hence  we  obtain  that  f (z)  =  0  for  every  z  e  V  and 
therefore  V  c  S  and  we  can  conclude  that  S  is  open.   But 
because  of  connectedness  we  have  that  E  =  S  and  then  f  =  0 
on  E. 

COROLLARY  0.15.  Lzt   E  and  F  be  two    complex.   Ba.na.ch  ApaczA . 

Lzt   fa    e    H(E,F)  and-AuppoAZ  that  thznz   zx-lt>ti>   4ome  potent 

a    e  E  6uch   that   d    ft  [a]    =    0  ion.   zvzuy   m    e    H    u  {0}.      Then 
i    =  0    on    E. 

COROLLARY  0.16.  Let   E  and    F  be  two    complex   Banach  i>pacz& . 
lzt    i,g    e  H(E,F)  and  Auppo-bz   that    i    and   g  agKzz   on   i>omz   opzn 
and   non- empty  AubAzt   o I    E.  Thzn    i    =    g    on    E . 

DEFINITION  0.17.  Lzt   U    bz   a    non-zmpty   and   opzn  AubAzt   o &    a 
compLzx   Banach  i>pacz    E.   A  mapping    i    in.om    U   -into    anothzn. 
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complex  Banach  *pace  F  I*  *ald  to  be  finitely  holomorphlc  on 
U  Ifi  the  ma.ppj.ng  £\U  n  S:  U  n  S  +  F  ii  holomorphlc  ^or  every 
finite        dlmen*lonal   vector  *ub*pace   S  o ^    E. 

THEOREM  0.18.   (Nachbin)  let    E  and    F  be  -two  complex  Banach 
*pace*    and   let   U  be   a   non-empty   open   *ub*et   o  £    E.   A  mapping 

I  ^rom  U  Into  F  I*  ltni.te.lij  holomorphlc  on  U,  Ifi  and  only  l{, 
^or  every  pair  o£  point*  a  and  b  o  jj  E  the.  mapping  u:  {k  e  C: 
a  +  bfe  e  11}    -*■   F  de^lntd    by   a[k)    =    ^[a    +    bk)    I*    holomorphlc. 

THEOREM  0.19.   (Nachbin)  let   E  and    F  be  two    complex   Banach 
*pace*    and  let   U   be   a   non-empty  and   open  *ub*et  o ^    E.   A 
mapping    fa    ^rom    U  Into    F  it    holomorphlc,    l^    and   only  ifi,    it 
I*    finitely   holomorphlc   and   either  tt  I*    contlnuou* ,    on.   el*e 
It  *atl*{ile*    the   equivalent   condition*  •• 

[l]       (5  map*    every  compact  *ub*et   o {,    U   onto   a   bounded 
*ub*et   o  {,    F. 

{11}       &   map*   *ome   neighborhood  In   U   o ^    every   compact 
*ub*et   o (}  U   onto   a   bounded  *ub*et   o ^    F. 

We  are  closing  this  section  by  giving  a  new  definition. 

DEFINITION  0.20.  Let   E  be  a   complex   Banach  *pace   and   let  V 
and    U    be   two    open   and   non-empty  *ub*et*    o ^    E.  I {    V  I*    a 
*ub*et   o{    U  we  will  *ay  that   V  I*    relatively   compact  In   U 

II  the   clo*ure    o &    V   I*    contained  In    U   and   I*    compact.       In 
thl*    ca*e   we  write   V   cc  u. 


CHAPTER  I 
SEQUENCES  OF  DOMAINS  OF  T-HOLOMORPHY  IN  BANACH  SPACES 

§1.   Domains  of  x-Holomorphy  in  a 
Complex  Separable  Banach  Space 

Let  E  be  a  complex  separable  Banach  space  and  let  U  be  a 

non-empty  open  subset  of  E. 

DEFINITION  1. 1.1.   A  mapping    (J  £n.om    U  Into    C  Li    -i>a-id  to    be. 
koLomon.ph.-iQ.   -ifi    thzxz    e.x-i-t>ti>    a   ie.qu.znce.   o£    compLzx    cont-inuou* 
n-h.omoge.ne.ou-!>    poLynom.la.Li>    -in   E:  [nl]      d      j$(x)  ion.   e.ve.n.y   n   e   H  v{0} 
-buck   that 

oo 

b[x+k)    =      I  [n\)~]    clni(x)     [h] 
n  =  0 

convzn.gz&    un-i{on.mLy   ^on.   k  -in  a.   ne.-igkbon.kood   o^    ze.n.0   -in   E. 

Let  3U  denote  the  boundary  of  U  and  let  x  be  a  strictly 
positive  lower  semicontinuous  function  of  U  such  that 
t  (x)  ^    d(x,3U)  for  every  x  in  U. 

Let  B  (U)  denote  the  collection  of  all  finite  unions  of 
closed  balls  B  (x)  with  center  x  e  U  and  p  <  x  (x) . 

Let  H  (u)  denote thealgebra  of  the  complex  holomorphic 
functions  in  U  which  are  bounded  in  every  set  of  8  (U)  fur- 
nished with  the  Fr^chet  topology  of  the  uniform  convergence 
over  the  elements  of  8  (U)  [14],   Observe  that  the  union  of 
H    (U) ,  for  all  T,  is  the  algebra  H (U)  of  all  the  complex 
valued  holomorphic  mappings  in  U. 
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DEFINITION   1.1.2.      Let   E    be   a    complex   6Q.paA.able.   Banach  Apace. 
Let    U  be  a   non-empty   open  AubAet   o  fi    E,    then  U  Ia   Aald  to    be.  a 
domain   o  fi    T-holomofiphy,  <Lfi    and   only  ifi,    -It   -La    impoAAtble   to 
fiind   two    non-empty,    open   and    connected   6u.b4e.tA    U,    and   l\„    0 & 
E  Aati.A  fiylng   the.    fiollowing    conditlonA  : 
[I]       U    n    U]    a    U2,     U2    *    0,     U1    *    U 
[ID       {,0/1   eveiy   fi    e    H    III)    then.e   exlAtA    F    e    H[U.)    Auch  that 
F|"2    -    fi- 

DEFINITION   1.1.3.      Let   E    be   a   complex  i>epatiable  Banack  Apace 
and  let   U   be   a   non-empty  open  tablet   0 £    E.      Ifi   A  Lb   a   non- 
empty  AubAet   ofi    U  we   de.fii.ne.  the   x-holomon.phy   hall   ofi   A  uu'.th 
tiei>pect  to   U  -to   fae  £/ie  4e-t 

Aj   =    {x    e    U:     |iJ[x]|    <    ||   (}||A     rfo*   eveJty    fi    e    Hx(U)} 

whefie    ||  jj  [|.    =   4    u.   p{  |  ^  (  x]  |  }. 

X  £  A 

From  the  Definition  1.1.3.  it  follows  that  for  every 
subset  A  of  U  we  have  A  c  a.,  and  therefore  we  can  deduce 

LEMMA  1.1.4.  let  E  be  a  complex  Aepan.able  Banach  Apace  and 
let  LI  be  a  non-empty  open  AubAet  ofi  E.  Ifi  A  Ia  a  AubAet  ofi 
U  and  ifi   A,.  -La    bounded,  then   A  iA    bounded. 

If  A  is  a  subset  of  U  we  denote  by  co (A)  the  closed  con- 
vex hull  of  A.   Then  the  following  theorem  indicates  that 
A„  is  contained  in  the  closed  convex  hull  of  A. 
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THEOREM  1.1.5.  Lit   E    be  a   complex  i,zpafiabl2.  Banack   -6po.ee  and 
Izt    U  be  a  non-empty   open   i,Uibi>e.t    o  {    E.      Then    {on.    zvefiy    bounded 
•6ub4e£  A  Of)  U  we  have:      A,,   <=  cF(.A). 

PROOF:  Let  x„  \  CO (A) .  Then  by  Banach  Separation  Theorem 
[6]  there  exists  a  continuous  linear  functional  f  on  E  and 
real  numbers  c  and  5 ,  5  >  0    such  that 


(1.1)   Re{f(co(A))}  <  c  -  6  <  c  <  Re{f(xQ)} 


Consider  the  set 


P  =  {A  €  C:  Re(A)  <  ||    (f(x))  |^(A)  } 


Then  in  view  of  the  inequality  (1.1)  we  obtain 

(1.2)  f (co(A) )  c  p 
and 

(1.3)  f(xQ)  k    P  • 

Using  the  facts  that  f  is  continuous  and  linear  and  in  view 
of  (1.2)  and  (1.3)  we  can  find  An  e  C  and  r  >  0  such  that 

(1.4)  f(co(A))  c  Br(AQ) 

where  B  (An)  denotes  the  open  ball  with  center  A„  and  of 
radius  r,  and  r  can  be  chosen  so  that 

(1.5)  f (xQ)  k    Br(AQ) . 

We  define  a  mapping  <$>    from  E  into  C  by  the  rule  $  (x)  =  f  (x)  - 
A».   Then  in  view  of  (1.5) 
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(1.6)   |f(xQ)  -  AQ|  >  r 


and  in  view  of  (1.4) 

(1.7)   r  >  s  u_p   {|f (x)  -  X0| }. 
xeco(A) 

Hence  in  view  of  (1.6)  and  (1.7)  we  obtain 


(xQ) |    =    |f (xQ)    -    X-l    >    r    >    s   u_p      { | f (x)    -    AQ | } 

XeCO(A) 

=   s    u_p      {  |  <|)(X)  |  }    >sup{|<j)(x)|}=    ||  <f>||A 
xeco(A)  xeA 


and  therefore 

(1.8)   U(xQ)  |  >  ||  cj>||A  . 

Claim  that  $  e   H    (U) . 

Observe  that  <j>  is  bounded  on  every  subset  of  8  (U)  and 
therefore  in  order  to  establish  the  claim  we  must  show  that 
4  e  H(U)  . 

Let  t,,r\    e  E  and  S={zeC:  f;  +  nzeU}.   Define  a  map 
u  from  S  into  C  by  the  rule 

u(y)  =  <f)(S;+uri)  for  every  y  e  S. 

Then  u(y)  =  f(0  +  yf(n)  -  XQ  and  clearly  then  u  e  H(S).   Then 
<$>    is  finitely  holomorphic  and  since  it  is  continuous  it  is 
holomorphic,  by  Theorem  0.19.,  on  U  and  the  claim  is  established. 
Finally,  since  cj>  e  H  (U)  and  because  of  inequality  (1.8)  we 
can  deduce  that  xn  <fc  ATT7  and  hence  A.,  c  co(A)  . 

From  Lemma  1.1.4.  and  Theorem  1.1.5.  and  the  fact  that 
if  A  is  bounded,  then  co(A)  is  bounded,  we  obtain 
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THEOREM  1.1.6.       Let    E    be   a   complex  AQ.pa.fiab I e   Banach   Apace. 
Let    U   be   a    non-empty   open   AubAet   o £    E.      Suppose,   that   A   c    LI. 
Then   A   iM    bounded  -l^    and   only  L{   A.,   La    bounded. 

DEFINITION   1.1.7.      Let   E   be   a   complex  Aepafiable  Banach  Apace 
and   U    be   a   non-empty   open   and    bounded  AubAet   o  {,    E.      We  will 
Aay   that   U  La    1-holomoh.phLcally   convex   LI    and   only  L{    fcofi 
evety  A    e    B^iil)    we   have   rf[A^,3U)    >    0. 

Then   in   the   case   of   bounded  open   sets,    Matos '    theorem 
which   is   stated   in   the   Introduction   becomes: 

THEOREM   1.1.8.     (Matos)       Let    U  be   a    non-empty   open   and    bounded 

AubAet   ol   a  Aepafiable   complex  Banach   Apace   E.      Then   U  La    a 

domain   o{    x-holomon.phy  L{   and  only  L&    U   Ia    t-  koto  mo  n.p  hLc  ally 
convex. 

LEMMA   1.1.9.      Let   U    be   a    non-empty   and   open  AubAet    o{   a    complex 
Aepafiable   Banach  Apace   E.      Let  A    e    8    (U)    and  AuppoAe  that  thefie 

T 

exlAtA  a  conAtant  M  >  0,  and  a  function  (J  e  H  (U)  Auch  that 
|jj(x]|  <  M  fiosi  eve^iy  x  e  A.  Then  the  Aame  eAtLmate  extendA 
to   Ay.      That  LA,     |  jj  (  z  }  |  <  M  ioft   eveny   z    e   aJ.. 

PROOF:  Since  |f(x)  |  <  M  for  every  x  e  A,  we  obtain  ||f|L  ^  M. 
But,  since  z  e  A^,  we  have  |f  (z)  |  <  ||  f  ||  ;  and  in  view  of  the 
last  inequality  |f (z) |  <  M  for  every  z  e  a1. 

We  are  employing  the  following  notation:   Let  U  be  a 
non-empty  open  subset  of  a  separable  complex  Banach  space  E. 
Let  A  e  8T (U)  and  suppose  that 
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A  =   u   Bn   (x.) 
1=1    1 

where  x.  e  U  and  0  <  p.  <  t(x.)  for  every  i  =  l,2,...,n.   Let 

r  =  m  i  n     (x(x.)  -  p.}  and  let  0  <  q  <  r.   Then  we  denote 
i=l, . . . ,n 

by  q  A  the  set  defined  by 

(q)A  =   u   B   ,   (x.  )  . 


p.+q    l 


i=l  Ki 


THEOREM   1. 1.10.      Le.t   E   be.  a.   complzx  bepatiable.   Banack  Apace.. 

Let   U   be.  a  non-empty   opzn   i>ubi>et  o{    E.       Let  A   e    8    (U)    and 

n 
■buppoiz   that   A    =      u      8         (x.)    and   Itt  K    =    m  I   n  {t(x-)-p-} 

'    '  -1P--C  -in  A,  A, 

A.=  7  WA.  A.=  7 ,  2,  .  .  . ,  n 

Let   zQ   be   an   ele.me.nt  o &    A...  Thtn,    a.1    &    e  H    (U),  tke.n   &   ti> 

kolomoh.ph.te.  on   8  (zfl).  And  motie.o\)e.h.,    ^on.   evesiy  p   <  n.  and   {,on. 
evtfiy   fa   &   H    (U),  we   have. 


PROOF:   We  first  prove  that  if  f  e  H  (U) ,  then  f  is  holomorphic 
on  Br  (zQ)  . 

Let  0  <  q  <  r  and  let  n  >  0  such  that  q  -  n  >  0 .   Consider 

the  set  (q-n)A.   Observe  that  (q_n)A  c  (r)A  and  since  every 

(r) 
f  e  H  (U)  is  bounded  on    A,  then  every  f  e  H  (U)  is  bounded 

on  (q~  }A.   Let 


(1.9)   ||  f||  .    .   =  Mf(n)  for  every  f  e  HT  (U)  . 

Now  if  z  is  any  element  of  A,  we  clearly  have  that 
B(q-n) (z)  c      A  and  therefore  in  view  of  (1.9) 
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(1. 10)  ||  flip     r,^  s  M-(n)  for  every  f  «  H(D). 

B(q-nr  ' 

Now,  since  H  (U)  c  H(U),  every  f  e  H  (U)  belongs  to  H(U),  and 
therefore  we  can  apply  the  Cauchy  inequalities,  of  Theorem  0.13, 
to  f  and  obtain: 

(1. 11)  |  (jl)"1  djf  (z)  |  <-  Mf  (n)  (q-n)~j  for  every  j  =  0,1, ... 
and  z  e  A. 

In  view  of  Lemma  1.1.9.  and  that  zQ  e   hi,    the  above  inequality 
becomes 

(1.12)  |  (jl)-1  djf  (zQ)  |  *Mf(n)  (q-n)"j. 

Now  consider  the  power  series  of  f  at  a  neighborhood  of  zQ. 

oo  A  . 

(1.13)  f(z)  =   Z   (jl)"1  d3f(z  )  (z-z  )D. 

j=0  u      u 

Because  of  inequalities  (10.4),  we  obtain: 

(1.14)  |  (jl)"1  djf  (zQ)  (z-zQ)j|  <  Mf(n)  (|z-z0|/(q-n))j. 

But,  (1.14)  indicates  that  the  series  (1.13)  is  convergent 
for  |z-zn|  <  q  -  n.   Hence,  f  is  holomorphic  on  B(a_n) (ZQ) 
which  in  turn  implies  that  f  e  H(B  (z.))  because  as  n  approaches 
zero,  the  series  is  convergent  on  B  (zQ)  .   But  q  is  arbitrary, 
q  <  r;  and  therefore,  f  e  H (B  (zQ)). 

Now,  we  are  proving  the  second  part  of  the  theorem.   Let 
0  <  p  <  q  -  n.   Then,  if  f  e  H  (U),  by  the  first  part  of  the 
theorem  we  obtain  that  f  e  H(B  (z„)).   Therefore,  the  mapping 
f  admits  a  Taylor's  series  expansion. 


(1.15)  f(z)  =   I   (jl)  1   djf(zQ)  (z-z0):  for  every  z  e  B  (zQ)  . 

j=0 

But  0  <  p  <  q  -  n  and  therefore  in  view  of  (1.15)  we  obtain 

CO  ,00  , 

|f(z)|  <   I  |  (j'.)_1  djf  (z  )  (z-z  )j|  <   S  M.  (n)  (|z-z  |/(q-n))D 
j=0  u  j=o 

00 

<  M  (n)   2   (p/(q-n))3 
j-0 

and  therefore 

(1.16)  |f(z)|  <  Mf(n)   — ~r-   for  every  z  e  B  (z  )  . 

q-n 
Define  a  function  <j)  from  R   to  the  R  by 

(1.17)  <J)(ti)  =  (||  f  IIq  (z  }/Mf(n)). 

We  claim  that   <j)(n)  ^  1  for  all  small  n .   Suppose  not.   Then 
there  exists  nn  >  0  such  that  <Mn0)  >  !•   Consider  the  functions 
<P,  from  U  into  C  defined  for  every  z  e  U  and  k  e  N  by 

(1.18)  *k(z)  =  (f  (z)/Mf  (n0))k. 
Clearly,  $   e  H  (U) ;  and  moreover, 

K      T 

(I-19>  H*klt  («„)  "  <*<V,k 

p  o 

because 

H\lBp(z0)  -  II  <£™S*fW\(zQ)    "  (HflBp(z0)/MfS))k  = 
=  (t)>(n0))k. 

In  view  of  (1.19)  and  of  the  assumption  that  c{)  (n0 )  >  1,  we  can 

deduce  that  II  $,  II    ,   >  is  large  for  large  k.   But, 
k   Bp(zQ) 
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(1.20)   m   (nn)  =  1 

k 

because 

\%>     =     H*kll(q-VA=  "  (f(Z)/Mf(n0))kH(q-n0)A  = 

=  (Mf (n0)/Mf (n0))k  =  1. 

Now  since  <£>   e  H    (IT)  ,  inequality  (1.16)  in  view  of  (1.20) 
implies 


(I-21)    W*lA   (O  <  — i- 


1   q-n 


But,  the  above  inequality  (1.21)  implies  that  all  functions 
{$,},,  are  uniformly  bounded  on  B  (zQ)  contradicting  that 
$,  is  large  when  k  is  large.   Therefore,  the  claim  is  estab- 
lished.  Since  <t>(n)  -  1  for  aH  small  n,  the  equation  (1.17) 
implies 

(II  f^  (,,/»£<nl)  <-   l 

p   0 
or 


1  i  m(||  f|L      /M  (n))  *  1 


HflBp(z0)  <-*f^     -  Hf|q-(q-p)A=  HfH(p)A 
and  finally  from  the  above  inequality,  we  obtain: 


fVvs||£|W 
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THEOREM  1. 1.11.      Let   E    be  a   complex  iepa/iable  Banach  Apace, 
and  let   U   be  a   non-empty  open  AubAet   o £    E.      Let  Q,   be  a   non- 
empty Aubtet   ol    11  i>atti>{iyi.ng)   the  pitopenty  that   evetiy  mapping 
j$    e    H[U)    t&    bounded  In   ft.      Then,    tkefie   exlkth    A    e    8    (U)    4uc/i 
£ha.£   A j.    3   ft. 

PROOF:      Suppose   not.       Let   A,, A-,..., A    ,  ...    be   a    sequence   of 
elements   of  B    (U)    such   that  every   element  A   e    S    (U)    is   con- 
tained   in   some   A.    for    some    j    e    N.       Since    ft    <fc   A^    for    any 
A   £    8_ (U) ,    we   obtain   that   ft    $   A^      for   every    j    e    N. 

Let   S,    =   A, .       Clearly,    ft    $    si    ;    and    therefore,    we   can 

U 

find  an  element  5-  of  ft  -   si    .   Let  p,  be  such  that 

U 

0  <  P1  <  t(?1)  and  define  S2  =  A2  u  B   (51).   Since  S2  e  8  (U) , 

T 

2, 


Pl 
we  have  that  ft  $   S„  ;  and  therefore,  we  can  find  a  new  element 


T 

?2  e  &   -   $2    '      Let   p2  ^e  suc^  tnat  0  K    P2  <  T  (Co^  an(^  define 
S3  by  S3  =  A3  u  Bp^q)  u  Bp2(?2). 

Inductively  then,  we  have  obtained  a  sequence  of  subsets 

of  U,  {S  1   ,  and  a  sequence  (?  }   .  of  points  of  ft  satisfying 
n  n=l  -1        n  n=l     r  J      = 

the  properties : 

(i)  IS  }   ,  is  a  nested  increasing  sequence  of  sets. 

(ii)  Sn  e  B  (U)  for  every  n  £  N. 

(iii)  If  A  £  8  (U) ,  then  there  exists  some  j  e    N  such  that 

AcS.. 

(iv)  E,      £  S.  for  every  j,n  £  N  with  n  <  j. 

(v)   E   *  S    for  every  n  e  N. 
U 
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Let  n  e  N  and  fixed.   Claim  that  for  every  given  positive 
number  6   and  every  positive  given  number  M  we  can  find 

fn  e  Bt  (U)  such  that 

(1.22)   |fn(?n,|  =  6n   and   ||  f  J |g   <  Mr 

n 

where  £   and  S   are  as  above. 

Since  £  I    S    by  the  definition  of  the  x-holomorphy  hull, 
U 


n 


we  can  find  a  mapping  g^  e  H  (U)  such  that  |g  (E  )  I  >  II  g  IL 

n     t  Jn   n  '    "  Jn  "S 

Then  v/e  take  a  mapping  f   from  U  into  C  defined  by 

fn(x)  =  (^n(x)/?n(^n)  )  <5n  for  every  x  e  U  and  some  positive 

integer  m.   Then  it  is  clear  that  f   e  H  (U) ;  and  moreover, 

for  some  large  m  the  mapping  f   satisfies  the  conditions  (1.22) 

and  the  claim  is  established. 

We  take  6,  =  1  and  M,  =  1.   Apply  (1.22)  to  get  a  mapping 

f±    e    tfT(U)  such  that  \f1(E>1)\    =  1  and  ||  f1||s  <  1. 

Inductively,  for 

n-1 

E 
i=l 


6      =   n   +      I       |f .  (£  )  |   and  M   =  2  (n_1)  for  every  n  e  N-  {1} 


we  can  find  according  to  (1.22)  mappings  f   e  H    (U)  satisfying 

n-1 

If  (£_)  I  =  n  +   E   |f.  (E  )  |  and  ||  f  |L   <  2~n  for  n  e  N-{l} 
nn         .,'in1      "  n  "S 
i=l  n 

By  the  construction  of  the  functions  if  }   , .  we  can  see  that 

n  n=l' 

the  series  Z      f.    determines  a  function  f  e  H    (U) ,  since  the 

i=l   x  T 

series  converges  uniformly  on  each  S   and  therefore  on  each 
A  e  8  (U) .   We  claim  that  the  function  f  is  unbounded  on  Q. 
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We  have 


d.23)     |f(en,|  =  |fn(5n)  -  (fn(en)  +  .^  f±(cn)H  * 

n-l  0° 

i=l  ;j=n+l   J 

n-l  °° 

>  If  (C  )  I  -  £  If ■ (5  )  I  -   ^    |f . (C  )  I  • 

nn      .  ,  '  l  n  '    .   ,  ,    n   n 

i=l  3=n+l    J 


Taking  into  account  conditions  (1.22),  inequalities  (1.23) 
imply 


fUn)|  ,  n-   Z      |f  (5n) 
j=n+l   J 


But,  recalling  property  (v)  ,  we  have  that  whenever  j  <  n  we 

have  that  E,      e  S..   Then,  |f.(E  )l  -  II  f-  lie  <    2~3  ■      Hence, 
^n    j  3      n        ]'S. 

oo  -* 

E   |f  .  (E,    )  |  <  1  and  the  above  inequalities  imply 
j=n+l   D   n 

|f(Cn) |  >  n-l. 


But    E,      e    Q,    and   therefore         f  L   =   °°,    and    the    claim   is    estab- 
lished.      But   every   holomorphic   map    f    in   U   was    assumed   to   be 
bounded   on   Q,    and   this    is    a   contradiction. 

DEFINITION   1.1.12.      Let   E    be.   a   complex  Ae.pa.sia.ble.   Banach  Apace., 
and  let    U    be.   a   non-empty   open   AubAet   o  fa    E.      A   po-int    z    o  ft   the 
boundasiy   o ft    U  iA   a   T-e.AAe.nti.al   boundasiy  potnt   oft    U   ift   thesie 
extAtA    a   mapping    ft    e    H    (U)    which   i.A    not   the.   sieAtsii.cti.on    oft 
a      ho -to  mo  sip  hie   mapping   In   an   open   AubAet    V    o  ft    E    contatntng    z 
and   Aati.Aftytng      U   c    {/ . 
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The  following  theorem  furnishes  us  with  another  necessary 
and  sufficient  condition  in  order  for  an  open  subset  of  a 
Banach  space  to  be  a  domain  of  r-holomorphy . 

THEOREM  1.1.13.  Let   E    be.   a.   idpa.fia.blz   complzx    Banach  Apace. 
Le.t    U  be.   a    non-empty   ope.n   and    bou.nde.cL  6u.bi>e.t   ofa    E.  Tke,n    U 
i.6    a   domain   o  fa    T-hotomoKphy ,    tfa    and   onty   tfa,    e.ve.n.y   boundary 
po-int   ofa    U  La    T-e.A6e.ntA.al. 

PROOF:   Observe  that  by  the  definition  of  a  i-essential 
boundary  point  it  follows  that  even  if  U  is  not  bounded,  then 
U  being  a  domain  of  x-holomorphy ,  then  every  boundary  point  of 
U  is  x-essential. 

Conversely,  suppose  that  every  boundary  point  of  U  is 
x-essential,  but  U  is  not  a  domain  of  t-holomorphy .   Then  by 
the  result  of  Theorem  1.1.3. ,  U  is  not  x-holomorphically 
convex.   Therefore,  we  can  find  A  e  8  (U)  such  that 


(1.24)   d(A^,9U)  }    0. 

Suppose  that  A  is  of  the  form 


A  =   u   3   (x. ) ,  x.  e  U,  0  <  p.  <  x(x.)  for  l  =  1,2, ...,n. 
.  .   p  .   l  '   l     '       l       l 
i=l    l 

Let  0  <  r  <  m  i  n{x(x.)  -  p.}.   Then  in  view  of  (1.24),  we 
l<i<n     X      X 

can  find  a  point  zn  e  A,,  satisfying 


(1.25)   d(z0,3U)  <  r. 

But  if  f  e  n     (U) ,  and  since  z~.  e  A„,  by  applying  Theorem  I. 1.10. 
we  deduce  that  f  e  H (B  (zn) ) .   Combining  this  result  with  (1.25), 
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we  get  B  (zQ)  n  U  *  0.   But  every  boundary  point  is  assumed 
to  be  x-essential  and  this  is  the  contradiction. 

The  next  theorem  also  furnishes  us  with  another  necessary 
and  sufficient  condition  in  order  for  an  open  subset  of  a 
complex  separable  Banach  space  to  be  a  domain  of  x-holomorphy . 

THEOREM  1.1.14.  Let   E  be   a    complex   *epa/iable   Banach  Apace. 
Let   U   be.   a   non-empty  open  and   bounded  t>txbt>et   o fa    E.  Than   the. 
faollowtng   afie   equivalent: 

[t]      U  JL&   a   domain   ofa   i-holomonphy . 
[It)      Foa.  eveny  sequence    {£  }  _ ,  tn   U  with   cf(£  ,  3U)  ->  0 
a  4  n   -*•  °°  then   theie    exliti    a   mapptng    fa    e  H  (U)  iatfi  iha^: 

4  a  pi\6lZn)  |)  =  °°  • 

n  -*■  °° 

PROOF:   (i)  ■♦■  (ii)  .   Since  U  is  assumed  to  be  a  domain  of 

T-holomorphy ,  then  U  is  T-holomorphically  convex  by  Theorem 

1.1.8.   Therefore,  for  every  A  e  8  (U) ,  we  have  that  the  set 

{E,    }    $   A„.   But  then  Theorem  1. 1.11.  supplies  us  with  a 

mapping  f  e  H    (U)  such  that  the  condition  (ii)  is  satisfied. 

(ii)  ■*■  (i)  .   Suppose  that  U  is  not  a  domain  of  T-holomorphy, 

Then  there  exists,  by  Theorem  1.1.8.  again,  A  e  8  (U)  such  that 

d(A„,3U)  =  0.   Let  {£  }   ,.  be  a  sequence  of  points  of  ATT  such 
U  n  neN        ^         r  U 

that  d(C  ,  9U)  ■*■  0  as  n  ■*■   °°.   Let  f  e  H  (U)  satisfying 

s  u  p{  |f  (5  )  |  }  =  °°.   Then,  ||  f  ||    =  °°.   But  f  e  H    (U)  ,  and 

n  -»■  °°  2T 

AU 

from  the  definition  of  A  ,  it  follows  that  we  must  have 
||  f||    =  ||  f|L   <°°  and  this  is  a  contradiction. 
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THEOREM  1.1.15.       Lit   E    be.   a    lompZix  &ipan.abZi   Banach  4pace. 
Lit    U   be  a    rion-emp£t/   open   and    boundid  submit   oft    E.      Thin   the. 
ftoZZowZng    aril    iquA.va.Zlnt: 

it)       Li  Za    a   domain    oft    1-hotomon.phy . 
[ID       Li  Za    i-hotomofiphZialty   convix. 
[ZZZ]       Evixy    boundary   poZnt   oft    LI   Za    t-  ii>i>intZaZ. 
[Zv)       Ton.   tvixy   Aiqainai    [  £    )       ,,    o  ft    poZnti,    oft    Li  wZth 
d(E,    ,dli)    -*■   0   a*    n   ■*  °°,    thih.1    ixZiti,    ft    e    H    [Li)    4acn   that 
4    u   p(UUn)  |)    -    °°. 

Kl     ■*    °° 

The   above   Theorem   is    the   collection   of   Theorems    1.1.8. , 
1.1.13.    and    1.1.14. 

We    are    giving   now   some   more   properties    of   domains    of 
T-holomorphy . 

THEOREM   1.1.16.      Lit    E    bi   a    complix,    i>ipaA.abZi   Banach  Apaci. 

Lit    U    bi   a    non-impty,    opin   A>ubi>lt   oft    E.       I  ft    LI   Zi>    a    domaZn    oft 

x-holomonphy ,    and   fy   Zi>    a   lowin.   AimZcontZnuouA    ftunctZon   diftZnid 

on    Li   and   i>atZt>  ftyZng    \\i[x)    S    x(x]     fton.    ivifiy    x    e    Li,    thin    Li   Zi>    a 

domaZn   oft    ^-hoZomofiphy . 

n 
PROOF:       Let  A    e    8 , (U) .       Suppose    that   A   =      u      B^     (x.),    where 

V  i=l   Pi   x 

p.  <  i(i(x.),  x-  e  U  for  each  i  =  1,2, ...,n. 

By  assumption,  ty  (x)  £  t (x)  for  every  x  e  U ;  and  therefore, 
p.  <  t(x.)  for  each  i  =  l,2,...,n  which  implies  that  A  e  8  (U) . 
Claim 

(1.25)   A*  c  £j. 
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Let  z  |  A  ;  then  by  the  definition  of  the  i-holomorphy  hull, 
we  can  find  a  mapping  F  e  H    (U)  such  that  |F(z)  |  >  ||  F||  . 
But  F  e  H    (U)  ,  and  ip  <  x  implies  that  F  e  H,  (U)  ;  and  then  in 
view  of  the  above  inequality  involving  the  mapping  F,  we 
deduce  that  z  <£  A*   and  the  claim  is  established. 

Now  since  U  is  assumed  to  be  a  domain  of  x-holomorphy , 
we  obtain  that  A^  is  bounded  and  that  d(A„,3U)  >  0.   Then  in 
view  of  (1.25)  ,  we  obtain  that  A.,  is  bounded  and  that 
d(ATj,3U)  >  0  which  indicates  that  U  is  a  domain  of  ijj-holomorphy . 

THEOREM  1.1.17.   Let  E  be  a   complex  i>  zpatiable.  Banach  hpacz. 

Let  (J  and    V    be  two    non-tmpty   opun   -6ub-6et.6  o^    E  w-Lth    non-tmpty 

ZntcJiA ttt-Lo n .      Suppose,   that   U  Jib   a.   domain   o{    T-h.olomon.phy  and 

that    \J  JL&   a   domain   o fi    ty-hotomoJiphy.      The.n   U   n  1/  Lt>   a   domain 

o  j{  y-h.olomoK.phy  whziz   y    =    m<Ln  ( x  |  U  n  l/,^|U  n  I/). 

n 
PROOF:   Let  A  e '8  (U  n  V) ,  and  suppose  that  A  =   u  B   (x.) , 
Y  i=l  pi   1 

where  x.  e    U  n  V  and  p.  <  y (x . )  for  each  i  =  l,2,...,n.   But, 

Y(x.)  <  min{x  (x.  )  ,  <\)  (x.  )  }  for  each  i  =  1,2,. ..,n,  implies  that 

p.  <  t(x.)  and  p.  <  iMx.)  and  therefore,  A  e  S  (U)  and 
1       1         l    r   1  x 

A  e  B  (v) .   Claim: 

(I'26)   ^JnV  C  K    n  fy 

We  recall  that  A^nV  =  (z  e  U  n  V:  |f  (z)  |  <  ||  f  ||A  for  every 
f  e  H  (U  n  V)  }.   Let  z  <t  A,T.  n  A^.   Then,  we  may  suppose  that 
either  z  e   hL   and  z  4  A^,  or  that  z  k    A^  and  z  4  A^.   But,  in 
both  cases,  since  z  <fc  Aiy,  we  can  find  some  mapping  f  e  H,  (V) 
such  that  |f  (z)  |  >  ||  f  ||    But,  f  e  tf ,  (V)  and  y    <    ty   on  U  n  V 
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implies  that  f  e    H    (U  n  V)  which  combined  with  the  above 
inequality  gives  us  that  z  <£  A^   .   Hence,  in  either  case 
above,  (1.26)  is  established. 

Using  the  fact  that  U  is  a  domain  of  T-holomorphy ,  we 
obtain: 

(1.27)  d(A^nV,9U)  >  d(Ay,9U)  >  0, 

and  the  fact  that  V  is  a  domain  of  ijj-holomorphy ,  we  obtain: 

(1.28)  d(Au^v,8V)  >  d(A^,9V)  >  0. 
Then  (1.27)  and  (1.28)  imply  that 

(1.29)  d(AjnV,9U  u  9V)  >  0 

and  then  (1.29)  with  the  aid  of  the  property  9U  u  3V  = 
3 (U  u  V)  gives : 

(1.30)  d(A^nV,9(U  n  V)  >  0. 

Finally,  V  being  a  domain  of  x-holomorphy  implies  that 
A.1,  is  bounded;  and  similarly,  V  being  a  domain  of  ijj-holomorphy 
implies  that  A^  is  bounded.   Then,  because  of  (1.26),  A^  „  is 
bounded.   Then  the  above  result,  together  with  (1.30),  proves 
the  Theorem. 

If  S  is  a  bounding  set  in  a  domain  of  T-holomorphy  V  on 
a  separable  complex  Banach  space,  then  S  is  closed  in  E  by 
Theorem  I. 1.11.   Then,  by  a  result  of  S.  Dineen  [5],  S  is 
compact.   Hence,  all  bounding  sets  of  a  domain  of  x-holomorphy 
are  compact.   We  note  here  that  the  fact  E  is  a  complex, 
separable  Banach  space  is  critical  in  this  case.   In  fact,  if 
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E  is  not  separable,  there  exist  bounding  sets  in  U  which  are 

not  compact.   An  example  is  given  in  [5].   Specifically,  let 

E  =  £ot  (the  space  of  all  bounded  sequences  furnished  with  the 

sup  norm  topology)  and  A  =   u  u  where  u  =  (0,... ,0,1,0,0,...) 

neN  n        n 
the  1  appears  in  the  nth  place.   Then  A  is  a  bounding  set  in 

&OT,  but  not  compact. 

We  are  closing  this  chapter  by  stating  two  more  theorems. 

The  first  of  which  is  an  immediate  result  of  Theorem  1.1.17 

and  the  second  of  which  is  due  to  M.  Matos . 

THEOREM  1.1.19.  Lzt   E  be  a   complex  separable   Banach   -6pa.ee. 
Let    {1/  }n_7  be  a   finite   collect-ion   o ^   open  sets   -in   E.  Suppose 
that    V      is    a    domain    ofi    x  -holomorphy    ^or   each   v  =  1,1,..,, Yi. 
let   Q.   denote  the  Intersection   o{   all  sets    V    .      1{   ft  i&    non- 
empty,   then  It  is    a   domain   o  fa   y-  holomorphy  where  y  =   minix  ,| 

n,T2|n,...,xn|n}. 

THEOREM  1.1.20.  Let   E  be   a   complex  separable   Banach  space   and 
let    V   be   a   non-empty   open  subset   o  &    E.  Then,    the   following 
are    equivalent . 

[i]       V  is    a    domain   o  ft    x- holomorphy . 
[ii]       For.   every   closed  subset  S    o  fa    V ,    S   is    bounded  and 
d(S,3f]  >  0   i^    every    fa    e  H    (I/)  is    bounded   on   S. 

§2.   Sequences  of  Domains  of  x-Holomorphy  on  a 
Complex  and  Separable  Banach  Space 

In  the  sequence  a  domain  U  in  a  complex  separable  Banach 

space  will  be  a  non-empty,  open,  and  connected  subset  U  of  E. 

Also,  the  meaning  of  the  function  x  wherever  it  appears  will 
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be  the  same  as  in  §1.   That  is,  T  will  denote  a  strictly  pos- 
itive lower  semicontinuous  function  defined  on  a  domain  U  in 
a  complex  separable  Banach  space  E;  and  for  each  x  e  U  it 
satisfies  d(x, 3U) £  t(x)  .  Finally,  if  D  is  some  domain  in  E, 
which  is  a  subset  of  a  domain  U  in  E,  by  H    (D)  we  will  denote 
the  collection  of  all  holomorphic  functions  from  D  into  C 
which  are  bounded  on  every  A  e  8  (U)  which  is  contained  in  D. 

DEFINITION  1.2.1.  Let   E    be.  a   complex   Banach  Apace.      Let   U   be 
a   domain  In   E   and  let    {V    }      w  be  a  sequence   o f   domain*   In   E. 
We  will  *ay  that  the  sequence   of    domain*    {V   }   ,,  approximate* 

U;    and  we  will  write  llmV      =  U,    If    for   every   z    e  U  there   exli>ti> 

v->°° 

an    open   neighborhood    V      o f    z,    tub-bet   of    U,    which   lie*    In   the 

Intersection   of   almost  all   domain*    of.    the  sequence    [V    }      ... 

u  u        n         v  VeN 

Observe  that  the  above  definition  is  equivalent  to 

limD  =  U  if  and  only  if  z    k    U, then  z  lies  inside  the  inter- 
vene 
section  of  finite  many  of  the  domains  of  the  sequence  {D  }   „. 

DEFINITION  1.2.2.  let   E    be   a   complex   Banach   *pace,    U  be   a 
domain  In   E,    and    {V    }      ■,  be   a  *equence    of    domain*    In    E.       If 
for   each   v  e  W,  we   have  that   V      cc  0   -  cc  (j;  and  If   llmV      =    U. 

then  we  will  *ay  that  the  sequence    {V    }   w  I*    a   principal 
*equence   of    domain*    approximating    U  from   the   ln*lde. 

DEFINITION  1.2.3.  Let   E   be  a   complex  *eparable   Banach  *pace, 
and  let    U,  and    U„    be   two    non-empty   open   *ub*et*    of    E.      Suppo*e 
that  In   addition   L/j  c  U     Let   A  be  a    non-empty  *ub*et   of    U,. 
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We   de^-tne   the.  i-hotomofiphy   hull   o &   A   n.e.tatlve.   to    U„    to    be.  the. 
Alt  A«    9,    whcsie. 

a]>2    =    (z    e    Ur-     U  (z)  |     <     ||    <$||A,     iofi    Z\HUiy    i    e    H^U^} 
and  vohote,   t   Ia    defined  on   U„. 

DEFINITION   1.2.4.      Le.t   E    be   a   complex  Ae.pa.A.able.   Banack  Apace., 
and  te.t   U,    and   U„    be  two    non-empty   open  AubAetA    o  &    E.      SuppoAe. 
that  In   addition    U,    c    u^.       Let   A    e    B^iU^)    Auch   that   A    c    u?. 
We  uu.££  4ay   that   U*    Ia    T-hotomon.phlo.atty   convex  fietatlve  to 
^n,    ■*-'&    ion-  eue^t/  Auch  A  we.   have. 
[I]       A,    n    Ia    bounded. 
[ID       d[l]    „,  3UJ     >    0. 
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THEOREM  1.2.5.   Let  E  be  a  comptex,    Ae.pah.abte.   Banach  Apace, 
and   tet    U   be   a    bounded   domain   In    E.  SuppoAe   that    {#,,},,  m  *•* 
a   pfilnclpat   sequence  o  ^  domalnA    In   E  app^ox-cma-t^ng  U    faA.om 
the.  InAlde.      I  &    {,on.   eveny   v  e  W,  eac/i  domain   V     Ia    1-hotomon.phl- 
catty   convex  Ketatlve  to    U;    then   U  Ia    a   domain   o <j  i-holomofiphy . 

PROOF:   Suppose  that  U  is  not  a  domain  of  x-holomorphy .   Then 

according  to  the  Theorem  1.1.8. ,  U  is  not  x-holomorphically 

convex.   Therefore,  we  can  find  some  A  e  8  (U)  such  that 

n  _ 
d(AT, 3U)  }    0  where  A  =   u  B   (x . )  ,  x .  e  U  and  p.  <  t(x-)  for 
u  i=l  pi 

each  i  =  1,2,. ..,n.   Let  p  and  r  be  two  positive  real  numbers 

satisfying  0<p<r<mi  n{i  (x.)  -  p ,} .   Since  dtA^SU)  }    0, 

l<i<n 

if  z„  e  9U,  we  can  find  a  sequence  of  elements  of  A„,  say 

(z  }   „,  such  that  limz   =  z0«   Since  each  z^  e  Ay ,  we  obtain 
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(1.31)  lf(zKH  -  HfllA/  for  each  <  =  1/2,  ...  ,n  and  f  e  H T  (U)  . 
But  then  according  to  the  Theorem  1. 1.10.,  we  have  that 

(1.32)  II  f|L  ,   .  s  ||  f||,  N   for  each  <  =  1,2,...  ,n  and 

Bp(zk)        (p,A 

f  €  tfT(U)  . 

Using  the  fact  that  zn  is  the  limit  of  the  sequence  {z  }  as  K 
approaches  infinity,  inequality  (1.32)  yields 

(1.33)  ||  f^  (z  )    <  ||  f||(p)   for  each  f  e    HT  (U)  . 

By  our  hypothesis,  the  given  sequence  {D  }     is  a  principal 
sequence  of  domains  approximating  U  from  the  inside.   But  we 
have  that  p  A  c  u,  and  therefore,  we  can  find  some  natural 
number  y  such  that  p  A  c  Dy  for  every  v  >  y. 

By  our  assumption  again  each  domain  D   is  x-holomorphically 
convex  with  respect  to  U;  and  therefore,  in  view  of  the  above 
remark  we  have  that 

(1.34)  d((p)A^  00,3Dv)  >  0,  for  every  V  >  y 

where   p,AT    denotes  the  x-holomorphy  hull  of  ^A  relative 
to  U.   Moreover,  from  Definition  1.2.3.  we  have  that 

(1.35)  |f  (z)  |  >  ||  f  |L  .   for  z  £  (D   -  (p)A^  J    and  f  e  «T  (U)  . 

p  A  i 

Now,  zn  e  3U  and  limD   =  U  imply  that  we  can  find  some  natural 
number  X  such  that 


(1.36)   3D   n  B  (zQ)  *  0    for  every  v  >  A. 
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Let  0  =  max{y,A}.   Then  both  inequalities  (1.34)  and  (1.35) 
are  valid  simultaneously  for  v  >  9.   That  is, 

(1.37)   d((p)Al  mflD.)    >    0  and  3D.  n  B  (z„)  *  0  for  j  >  9. 
3  '    3  3     P   " 

But  the  above  inequality  implies  that  if  z*  is  an  element  of 
(D.  -   p  A.   ),  then  for  sufficiently  large  j  we  will  have 

-j  -j  f  oo 

that  z*  e  B  (Zq) .   Combining  the  above  result  with  inequality 
(1.35),  we  obtain  that  for  sufficiently  large  j  we  have 

(1.39)   |f  (z*)  |  >  ||  f  ||,  .    _  u    ,„. 

1      '    "    (p)a/  for  every  f  e  H    (U)  . 

But  then  the  above  found  inequality  (1.39)  contradicts  the 
inequality  (1.33).   Hence  U  is  x-holomorphically  convex  and 
therefore  U  is  a  domain  of  x-holomorphy . 

DEFINITION  1.2.6.  Let   E  be  a   complex  hcpanable  Banach  Apace, 
and  let    U    be.   a    domain   -in   E.      Suppose,   that   V-,,V„    and   P-  afie 
thfiee   domain*    -in   (J  Aati^^y-Lng    V,    <=■  V„   <=  V ,.  Suppose.,    fiu.nthe.si- 
mone.,    that   fion  e.ve.ny   A  e  B  (If)  inch  that   A  c  V , ,    we   have,  that 
A,  ,  i.i>    bounded   and  that   d(A,  ,,3t?„]  >  0.   We  w^££  -6<xi/  ^:^ia^: 
-t/ie  domain   U  -i-6  t-4 em-tcomp^e-te  -i^  ^o^  eve.ny  given   e    >   0   and 
evzny    (J  e  H  [t?*]  we  can  f^nd  a    ^ixncti.on    F  e  H  (T?,)  -iucfa  -tkcU: 

l|F-<lt7<=. 

We  are  proving: 

THEOREM  1.2.7.  Let   E    be  a   complex  6e.pan.abZe   Banach  Apace., 
let   U   be   a   bounded  r-^emlcomplete   domai,n  -in   E.  Suppose  that 
{V    }      •.  i-i>    a   pnincipal  sequence   o  fi    domain*    appn.oxi.mati.ng    U 
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^tiom   thz  Zn6<ldz.       I  $  na.dk   V     <li>    x- koZomosiph.4.ca.ZZy   convzx 
sicZatZvn  to    Vv+i,    ioA.   e.ack  v    e   W,  tk&n   U  L&    a   domain   o& 
T-koZomoipky. 

PROOF:   In  view  of  the  Theorem  1.2.5.  ,  we  have  to  show  that 
each  of  the  domains  D   is  T-holomorphically  convex  relative 
to  U.   That  is,  if  A  e  8  (U)  and  A  c  D   then  d (AT   , 3D  )  >  0 
where 


pJf0o  =    {z    e  Dv:  |f  (2)  I  <  ||  f||A  for  every  f  e  HT  (U)  } 


Equivalently ,  since  each  D   is  x-holomorphically  convex  rela- 
tive to  D   ,,  we  have  that  d(A  v+i'9Dv)  >    °«   Hence,  it  is 
enough  to  show  that  A  ot  =  A    , ,  or  that 


(I'40)        (Dv    "    ^,v+1)     c     (Dv    -    ATvJ. 

^t    Z    e     (Dv    -    A^v+1)     =    (Dv    -    (z    e    Dv :     |f(z)  |     S     ||   f  ||A      for 

f  e  WT^Dv+l^*   Then  we  can  find  a  function  fQ  e  H    (D  .,) 
such  that  j  f  0  ( C )  |  >  ||  f«|L.   Let  5  be  a  positive  real  number 
such  that 


(1.41)   |f0(?)  I  >  ||  fQ||A  +  6. 

We  select  a  sequence  of  positive  real  numbers,  {e    }      „, 

such  that  Z      e      <    (6/2) . 

peN   P 

Now  we  have  that  D  c  Dv+1  c  Dv+2,  and  since  each  D  is 
T-holomorphically  convex  relative  to  D  , ,  and  the  latter  is 
x-holomorphically  convex  relative  to  D   ~ ,  we  have 
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d(AT 

v 


~,3D  ,,)  >  0,  and  since  U  is  T-semicomplete  from 
,v+2'   v+1 

Definition  1.2.6.  ,  it  follows  that  we  can  find  a  f-,  e  ^t  ^Dv  +  2^ 
such  that 


(1.42)   |  f  0  ( z)  -  f,  (z)  |  <  e,  for  every  z  e  Dv. 

Inductively  we  obtain  a  sequence  {fK}K  N  satisfying: 

(1)    fK  £  HT(DV+K  +  1)   f°r  e^h  K     "     N' 

Pl 

(ii)    f   (z)  -  f   (z)   <    I  e,  for  each  k  >  v, 

pl        P2        ^=P2+1 

p1  >  p0    >    k  -  v,  where  the  last  inequality  was  obtained  from 

pl 
|f   (z)  -  f   (z)  |  =  |  I         (fx(z)  -  f,  , (z)  |  < 

pl       p2        X=p2+1   A       A_1 

pl  Pl 

<    I  lfx(z)  _  fA-l(z) I  <    E     eX' 

X=p2+1  A  A=p2+1 

Observe  that  the  inequalities  in  the  property  (ii) 
above  imply  that  the  sequence  if  (z)}   _  is  a  Cauchy  sequence, 
and  therefore,  it  determines  a  function  f  e  H  (U) .   Moreover, 
the  function  f  satisfies  for  every  z  e  D   the  following 
inequality 


(1.43)   |fQ(z)  -  f (z) |  <  (5/2) 


because 


f0(z)  -  f (z) |   =  lim|f  (z)  -  f  (z) 

p->oo 


and  in  view  of  the  property  (ii)  above  the  latter  equality 
yields 

OO  00 

|f_(z)  -  f(z)|  <   E  |fn(z)  -  fn  ,  (z)  I  <   £  e   <  (6/2). 

u  p=l   p       p  x       p=l  p 
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We  claim  that 


(1.44)   |f  (C)  |  >  ||  f  ||A. 


We  obtain  from  inequality  (1.43) 


(1.45)   | f 0 (z) |  -  |f(z)|  <  (6/2)  for  every  z  e  Dy. 


The  above  inequality  for  z  =  t,    yields 


(1.46)   |f0(C) I  "  |f(C) I  <  (6/2) 


or 


(1.47)   |f  (C)  |  +  (6/2)  >  |f0(C)  |. 

Combining  the  above  inequality  with  inequality  (1.41)  we 
obtain 


(1.48)   |f  (O  |  +  (6/2)  >  ||  fQ||A  +  6 


From  (1.43)  again  we  obtain 

|f(z)|  -  (6/2)  <  |  f  Q  (z)  |  for.  every  z  e  Dv 

or 


(1.49)        ||   f||A   -    (6/2)     <     ||   fQ||A. 
Combining    (1.48)     and    (1.49)    we   obtain 

|f  (?)  |    +    (6/2)     >    ||   fQ||A   +    6    >     ||   f  ||A   -    (6/2)    +    6    =    ||   f  ||A   +    (6/2) 
and   hence 


f(5)  I    >    II  f|lA. 
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Therefore,  we  have  shown  that  if  X,    e  (D  -  A^    .)  then 
Z,    e    (D   -  AT  J)    and  (1.40)  is  established. 

DEFINITION  1.2.8.  Let  E  be.  a  complex  -se.pan.able.  Banach  Apace, 
and  let  U  be.  a  bounded  i-Aemlcomplete  domain  In  E.  let  V ■, , 
V„,  and  V,  be.  tkn.ee  domain*  &uch  that  V ,  <=  V „  c  p,  c  u.  We 
w-t££  -iay  that  Li  Ia  a  i-complete  domain,  I  fa  and  only  Ifa,  fton 
every  A  e  S  (U)  w£tfi  A  c  p  and  cHAJj,^)  >  "»  then  we  can 
{Ind   a   domain   oft    x-holomoftphy   Q,-,    inch   that   V ,    c  ^^  c  p.. 

THEOREM  1.2.9.   Let  E  be  a  complex  Aepafiable  Banach  Apace  and 
let    U    be   a    bounded   and    i-complete    domain  In   E.  SuppoAe   that 
U  Ia   approximated   ^nom   the  InAlde   by  a   principal  Ae.qae.ncz   o& 
domalnA    o{±    x-holomonphy    ^v^v    u-  Then    U   Ia    a    domain   o  fa 
i-holomorphy . 

PROOF:   Let  for  every  y  =  1,2,...,  and  v  =  0,1,2,...,  M 

and  m     be  two  real  numbers  satisfying  for  each  y  and  v: 

y,v 

M^v  =  ^fDxld^(q)}'m^^"JDn{d^<9)) 

^   y  ^   y 

where  by  d   (q)  we  denote  the  distance  of  the  point  q  e  3D 
from  the  boundary  of  Dy  and  by  d   (q)  we  have  denoted  the 
distance  of  the  point  q  e  3D   from  the  boundary  of  U. 

Now,  from  the  sequence  of  domains  ^Dv)VeN  we  extract  a 

subsequence  of  domains  {D   }   „  in  the  following  manner: 

p 

(i)   Choose  D    =  D, . 

v,     1 

(ii)   D   is  so  chosen  so  that  M,   _  <  m,  n. 
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(iii)   D   is  so  chosen  so  that  M      <  m      and  that 

v3  2'  3      l'V3 

iM      <  m 
V3,0     V2,0 

It  is  clear  that  the  above  constructed  sequence  {D   }   „   is 

^         V   peN 

P 

a  principal  sequence  of  domains  of  T-holomorphy  and  in  general 

the  domain  D     ,  for  p  >  1,  has  been  chosen  so  that 
P+l 

(1.50)   M        <  m  for  every  p  =  2,3,..., 

p'  P+l     p-1'  p+l 

and 


(1.51)  M       <  m      for  every  p  =  2,3,...  . 

Vp+1,0     Vp,0 

We  claim  that  if  A  e  8  (U)  and  A  c  D       then 

P-1 

(1.52)  d(AT         ,9D   )  >   0. 

V   -,,v,'   V 
p-1'  p+l    p 

If  not,  then  we  can  find  a  point  zn  e    3D    and  a  sequence  of 

P 

.      .  OO  ■"*  T 

points  iz  >  _,  of  A  such  that  limz   =  zn.   But  since 

K   K_i         VP-1'VP  +  1  K^oo   K       U 

A^  =    {z    e    Dv         :     |f(z)|    <    ||  f|L,    for   every 

p-1'    p+l  p-1 

f    e    H    (D  )}    c    {z    £    Dxl         :     |f  (z)  |    <     ||   f  |L  ,    for   every 

p+l  p+l 

A  T  ^  T 

f  £  H    (D     ) }  =  A_      we  obtain  that  z ^  e  A^ 
TV,,       D  <     D 

P+1        Vp+1  Vp+1 

Ir) 
Let  r  =  m  ;  then     A  e  8  (U)  and  clearly 

p-1'  p+l 

(r) 

A  c  D     .   Then  appealing  to  the  Theorem  I. 1.10.,  we 

VP  +  1 


obtain  that  every  mapping  f  e  H    (D    )  is  holomorphic  on 

VP+1 

B  (z  )  .   But  limz   =  zn,  and  therefore  for  every  f  e  H(D,    ) 

r   K  k     u  x   v  .  t 

we  have,  f  e  HT(B  (zQ)).   But  in  view  of  (1.50)  we  have  that 

r  >  M        .   But  D     was  assumed  to  be  a  domain  of 

p'  p+1  p+1 

x-holomorphy ,  and  the  latter  inequality  leads  to  a  contradiction. 
Hence  (1.52)  has  been  established. 

By  assumption,  U  is  x-complete  and  therefore  in  view  of 
(1.52),  we  can  find  a  domain  of  x-holomorphy  0,      for  each 
p  =  2,3,...,  such  that 


D       c  Q       c  D 

p-1        p 


Because  of  the  above  inclusion,  we  can  infer  that 

=  U  where  {fl„K. 

P  P  P* 


limfi   =  U  where  ^0)0>2  ^s  a  Principal  sequence  of  domains  of 

x-holomorphy  which  are  approximating  U  from  the  inside. 

We  now  claim  that  each  domain  Q      is  T-holomorphically 
convex  relative  to  Q      ,  for  every  p  =  2,3,...  .   Let 
A  e  8  (U)  such  that  A  c  0,  We  must  show  that 

(I-53)  "Al  ,n  +1  c  "Al 

p  p+i    p 

because,  then,  since  Q      is  a  domain  of  x-holomorphy,  we  will 

have  that  d(A^  ,  dQ,    )  >  0,  and  then  (1.5  3)  will  imply  that 

P 

A  x 
d(A(-.   _    ,  8fl  )  >  0;  and  therefore  this  will  establish  that 

p'  P  +  1 
ft   is  x-holomorphically  convex  relative  to  Q„ . , . 
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Let    z    e    A^      0         .       Then    z    e    ft      and    |f  (z)  |    <     ||   f  ||      for 

p'     p  +  1  P  'A 

every  f  e  H    (fiD+i) •   !f  now  F  6  H  (ft  )  ,  then,  since  U  is 
T-complete,  we  can  find  some  G  e    f/  (ft  ,,)  such  that 

(1.54)  ||  G  -  F||Q   <  (e/2)  . 

P 

For  z  e  ft  ,  the  above  inequality  implies 

(1.55)  |F(z) |  -  |G(z) I  <  (e/2) , 

(1.56)  |F(z) |  <  (e/2)  +  |G(z) | . 

On  the  other  hand,  we  have  that  z  e  An   n    ,  Gift   eH(ft), 

ft      .ft      .  ,  '      P  T        P     ' 

p'      p  +  1 

and  hence 

(1.57)  |G(z)  I     <     ||  G||A. 

Then  combining  (1.56)  and  (1.57)  we  obtain 

(1.58)  |F(z)  I  <  (e/2)  +  ||  G||A. 
Appealing  one  more  time  to  (1.54)  we  obtain 

(1.59)  ||  G||A   <  (e/2)  +  ||  F||A. 

Finally,  combining  the  last  two  inequalities,  we  obtain 

(1.60)  |F(z)  I  <  e  +  ||  F||A. 

But  e  is  arbitrary  and  also  F  is  an  arbitrary  element  of 

tffft  J.   Therefore  (1.60)  establishes  (1.53). 
i   P 

Hence,  we  have  exhibited  a  principal  sequence  of 
domains  ^n^n>-i  approximating  U  from  the  inside;  and  moreover, 
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each  domain  Q.      is  T-holomorDhically  convex  relative  to 
0,    ,-,  for  every  p  =  2,3,...  .   Then,  the  above  conclusion 
together  with  Theorems  1.2.5.  and  1.2.7.  completes  the  proof. 


§3.   Sequences  of  Certain  Domains  On 
a  Locally  Convex  Hausdorff  Space 

Let  E  be  a  locally  convex  Hausdorff  space  over  C,    and 

let  cs(E)  denote  the  set  of  all  continuous  seminorms  on  E. 

For  a  e  cs(E) ,  x  e    E  and  r  >  0  the  "a-ball"  about  x  of  radius 

r  is  defined  to  be  the  set 

Ba(x)  =  {y  e  E:  a(x-y)  <  r}. 

The  "a-boundary  distance"  d  :  U  ■*•  [0,°°]  for  an  open  non-empty 
subset  U  of  E,  is  defined  for  all  x  e  U  by 

dy(x)  =  sup(r  >  0:  b£ (x)  c  u). 

For  a  subset  K  of  U  we  put 

dJj(K)  =  inf{dy(x)  :  x  e  K}. 

Another   distance    function    <5    :    UxE   •*■    [0,°°]    is    given    for   all 
pairs    (x,a)     e    UxE   by 

6     (x,a)    =    sup{r    >    0:    x   +    Aa    e    U    for    all    X    e    C   with    |X|     <    r}. 

DEFINITION   1.3.1.      lit   E    be.  a  locally   convex   Hau&dox.&6   i>pace. 
An   open   non-empty  sublet   (J   o £    E   li,   i>a^d  to    be   pi> eudo convex 
l{   the    ^unct^ion   -logS,.   <L&    plu.ti<Lt>u.bha.simon<lc. 
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Let  P(U)  denote  the  set  of  all  plurisubharmonic  functions 
on  U;  let  H(U)  denote  the  vector  space  of  all  holomorphic 
functions  on  U;  and  let  tt  (E)  denote  the  space  of  all  con- 
tinuous polynomials  from  E  into  C. 

For  Q  c  p(u)  and  K  c  u ,  we  define  as  the  "Q-convex  hull" 
of  K  to  be  the  set  K   defined  by 

K   =  {x  e  U:  v(x)  <  supv(y) ,  v  e  Q,  y  e  K}. 

For  A  c  H(U)  and  K  c  U  we  define  as  the  "A-holomorphy 
convex  hull"  of  K  to  be  the  set  K  defined  by 


K 


A  -  {x  6  U:  |f  (x)  |  <  ||  f  1^,  f  e    A} 


DEFINITION  1.3.2.  let   E    be.   a  locally  convex   HauAdosififi   i>pace. 

An   open   non-empty  i>ubi>et    U   o  ^  E  li>    called    holomofiph-lcally 

convex   t^    Knir,\    ti>    pfiecompact  tn    U    ^on.    evetiy   compact   and 
non-empty  bubbet   K    o  ^    (J. 

A  subset  K  of  U  will  be  called  precompact  here,  if  it  is 
relatively  compact;  and  moreover,  if  there  exists  a  e  cs(E) 
such  that  d^(K)  >  0. 

We  note  here  that  a  holomorphically  convex  open  set 
U  c  e  is  pseudoconvex.   The  converse  is  true  for  E  =  C  , 
for  E  =  C     [9],  for  C   [1],   and  for  certain  Banach  spaces 
E  which  are  separable  and  have  basis  [18].   It  is  an  open 
question  whether  the  converse  holds  in  general. 

DEFINITION  1.3.3.  let   E  be.  a  locally  convex   Hauidoi^  t>pace. 
An   open   non-empty  AubAet    U   o^    E  ti>    batd   to    be   polynomtally 
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convex   Ifi    K  ,£,  Ia    pnecompact   In    U    &0A.   all   compact   and   non- 
empty Au.b4e.t4    K    oft    U. 

DEFINITION  1.3.4.  Let  E  be  a  locally  convex  HaaAdosi&fi  Apace. 
An  open  non-empty  tablet  U  0  £  E  Ia  Aald  to  be  Range  l&  tt[E] 
Ia  denAe  In  H{U)  with  fieApect  to  the  compact  open  topology . 
Then  U  will  be  called  finitely  Range  [neApectlvely  finitely 
polynomlally  convex)  l^  faoti  eveny  finite  dlmenAlonal  vector 
AabApace  F  0 fa  E,  U  n  F  Ia  Range  { neApectlvely  polynomlally 
convex)    In    F. 

THEOREM  1.3.5.  Let   E  be   a  locally  convex   Hcai&doA.^   Apace. 
Let   Li   be   a   non-empty   open  AabAet   ofi    E  approximated   ^fiom 
the  InAlde   by  a   principal  Aeqaence   o&    domain*    {V    }   ...   I  jj 
each   0 {\    the    domain*    V      Ia    Range,    Ao    Ia    U . 

PROOF:   Suppose  that  U  is  not  Runge.   Then  according  to  the 
Theorem  1.3.4. ,  we  can  find  a  function  f  e  H (U) ,  a  compact 
subset  K  of  U  such  that 

(1.61)   |f  (x)  -  p(x)  I  >  e   for  every  p  e  tt  (E)  and  x  e    K 

where  e  is  some  given  positive  real  number. 

Now  for  each  x  e  K ,  we  select  an  open  set  D   of  the  given 
sequence  D   which  contains  x.   Then  the  collection  of  all 
such  selected  domains  D   forms  an  open  cover  for  K.   But  K 


being  compact  admits  a  finite  subcover,  say  {D  }  •_■)•   Let 


m 

1 


j  be  the  maximum  of  the  numbers  x, ,x~,...,x  .   Then  since 
J  1 '  2 '    '  m 

the  given  sequence  is  principal,  we  obtain  that  the  domain  D. 
covers  K. 
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But  f  e  H (U) ,  so  its  restriction  F  on  D .  is  holomorphic 
there;  and  then  in  view  of  (1.61),  we  obtain  that  D.  is  not 
Runge  and  this  is  absurd. 


THEOREM  1.3.6.  Let   E  be   a   locally   convex   HauAdoM^   Apace. 
Let    U    be   a    non-empty   open   and   connected  AubAet   U   o^    E. 
Suppose,  that    {V    }   .,  iA    a  Ae.que.ncz   o  $   pAeudoconvex   domai.nA 
In   E   appn.oxi.matX.nq    U    ^fiom   the   -inAi.de..       I  i    V      c  £>  ■, ,     £oA. 
even.y   n   e    N,    then   U  iA    pAeudoconvex. 


PROOF:   Consider  the  distance  functions  6^  :  D  xE  ->   0,°°  , 

D     n        '   ' 
n 

for  each  n  e  N,  and  the  distance  function   6  •  UxE  ->•  [0,°°]. 

Clearly,  from  the  definition  of  5D   and  the  fact  that  the 

n 

sequence  of  the  domains  {D  }   „  is  nested,  it  follows  that  if 

n  n  e  i"J 

x  e  U,  then  there  exists  a  natural  number  n   such  that  for 
all  n  >  n   and  a  e  E  we  have 

6D  (x,a)  <  5D    (x,a) ,   5   (x,a)  <  5  (x,a) 
n  n+1  n 

or  by  taking  logarithms  we  can  infer  that 

(1.62)   -log6D  (x,a)  >  -log6     (x,a)  >  -log6  (x,a) 
n  n+1 

where  this  holds  for  every  n  >  n   and  (x,a)  e  UxE. 

According  to  the  Definition  1.3.1.  and  the  fact  that 

each  domain  D   is  assumed  to  be  pseudoconvex,  we  obtain  that 

each  function  -log6D   is  plurisubharmonic  on  D  xE  for  each 

n 

n  e  N.   Hence,  the  restrictions  of  the  functions  -log6   (x,a) 

n 

on  every  complex  line  of  UxE,  in  view  of  (1.62),  converge  to 
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the  function  -logS  (x,a) .   But   then,  [8],  -log6  (x,a)  is 
a  plurisubharmonic  function  on  UxE;  and  therefore,  U  is 
pseudoconvex . 

A  locally  convex  Hausdorff  space  is  said  to  have  the 
appAox-cmation   pA.ope.sity   if  for  every  compact  subset  K  of  E, 
every  a  e  cs(E)  and  every  e    >  0  there  exists  a  continuous 
linear  map  T  from  E  into  E  such  that  dim  T(E)  <  °°  and 
a(x-T(x))  <  E  for  all  x  e  K.   M.  Schottenholer  has  shown 
that  in  such  space  E,  every  open  subset  U  of  E  which  is 
polynomially  convex  is  pseudoconvex  and  finitely  Runge  and 
conversely  [18].   In  particular, 

THEOREM  1.3.7.  Let  E  be  a  locally  convex  HausdoA^  Apace. 
with  the.  appAQxi.mati.ovi  pAopeAty .  let  (J  be  a  domain  in  E; 
then  the.    following    aAe.   equivalent: 

[i]      U  ii>    pseudoconvex   and   finitely   Range. 
[ii.)       U   is    holomoAphi-cally   convex   and    Runge. 
[iii]       U  ii>    polynomially   convex. 

THEOREM  1.3.3.  let   E  be  a  locally   convex   HausdoA&fi   -space 

with   the.   appAoximat-ion   pAopeAty .       let    ii    be.   a   domain   in    E, 

and  let    {V    }  .,    be   a   nested  incAeasinq   sequence   o  K  domains 
n   neN  vi  u 

in   E  appAoximating    U    ^Aom   the   inside.      Then,    i{,    each    o  &   the 
domains    V     in   polynom-ially   convex,    then    U  -is    pseudoconvex 
and   Runge. 


PROOF:   Since  D   is  polynomially  convex,  we  obtain  from 

Theorem  1.3.7.  that  each  D   is  pseudoconvex  and  finitely 

n     c  -1 
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Runge.   But  D   being  finitely  Runge  implies  Runge  [18].   Hence, 
each  D   is  pseudoconvex  and  Runge.   According  to  the  Theorems 
1.3.5.  and  1.3.6.  ,  the  limit  of  the  given  sequence  is 
pseudoconvex  and  Runge. 


CHAPTER  II 

KOBAYASHI  AND  CARATHEODORY  DISTANCES  FOR 

COMPLEX  BANACH  MANIFOLDS 

§1.   Complex  Analytic  Banach  Manifolds  Over 
A  Complex  Banach  Space 

In  this  section  we  intend  to  extend  the  notion  of  a 

complex  analytic  manifold  to  a  complex  analytic  Banach 

manifold  over  a  complex  Banach  space.   We  need  some  definitions 

DEFINITION  II. 1.1.  Let   E  and    F  be   two    complex   Banach   Apace.* 
and  Let    U  be   a   non-empty   open   AubAet   ofa    E.   A  map    fa    fah.om   U 
i,nto    F  -La   Aatd  to    be   holomoxphtc   tn   Li  i.fa    {oh.   even.y   *-n€U  we 
can    faZnd   a   li.nean   map   I      e  L(E,F)  Auch   that 

||  i[x)-iix0)    -    L(x-xn)   || 

llm =  0 

™0  l|x-x0|| 

Observe  that  the  Goursat's  Theorem  for  C   extends  in 
this  case  of  the  complex  3anach  spaces  and  therefore  the 
above  definition  is  equivalent  to  the  definition  given  in 
Definition  0.10. 

DEFINITION  II.  1.2.  Let   M  be   a  locally   connected  HauAdoh.fafa 
Apace  and  let   E   be   a   complex   Banach  Apace.      Let   U   be   a   non- 
empty,   open   and    connected  AubAet   ofa    M.   A  map    $  whi.ch   i.A    a 
homeomoh.phi.Am    {nam    (J  onto    Aome   open  AubAet   o  fa    E  La    called   a 
coon.dX.nate  map   and  the  paJLh.    (U,4>)  -ii>    called  a   cooh.dX.nate 

A  yAtem . 
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DEFINITION   II.  1.3.      Let   M   be   a  locally   connected   HauAdoA.^ 
Apace   and  lit   E    be   a   complex   Banach  space..      A   complex  analytic 
AtA.uctuA.e   on   M  -C6    a   co££ectton    F   o<$    coordinate  AyAtemA 
{(U   ,<!>)•*    ot    e    A},    A   -iome  -index  Aet,    AatlA^ylng    the    following 
thA.ee  pA.opeA.tlei  •. 

[l]      M  =      u      U    • 

aeA 

U-c)   Tne  map4  4>g°<l>~  :  *0(ua  n  ug)  "**  ^g'ua  n  ug'  aAe 
blkolomoA.ph.lc    {oa   all   palKA    a,  Q    e  A. 

[Ill)      The   collection  Ia    maximal  with  A.ei>pect  to   pA.opeA.ty 
[ID;,    that   It,,    l{,    (U,<J>)  ^.4  a  cooA.dlnate   Ay-item   Auch   that 
$°<p        and   $    °c()   aA.e   holomoA.phlc  wheneveA  they  aA.e   defined 
fioA  all   aeA  then    (U,  $)  e  F. 

DEFINITION  II. 1.4.   A  complex   analytic   Banach   manifold   oveA 
a   complex   Banach  Apace  Ia    a   pain.    (M,  F)  conAlAtlng    o&   a  locally 
connected  Hau.AdoA.fifi   Apace   M  togetheA.  with   a   complex   analytic 
AtA.uctuA.e   F. 

In  the  sequel  a  complex  analytic  Banach  manifold  (M,F) 
will  be  denoted  by  simply  M.   It  is  clear  that  if  U  is  a 
non-empty  open  subset  of  a  complex  analytic  Banach  manifold  M, 
then  U  itself  is  a  complex  analytic  Banach  manifold  with 
complex  analytic  structure  FT7  given  by  Fn  =  {  (U   n  U ,  d>  I U   n  U) 
(U  ,  <J>  )  e  F}  . 

DEFINITION  II. 1.5.  Let   M    be   a    complex   analytic   Banach   manifold 
and  let    U   be   a   non-empty   open  AubAet   oft    M.   A  mapping    j$  fiA.om    U 


4  8 


■into    C  Is    said  to    be  kolomohpklc   In    U  Ifi   the.   mapping    ^°<j>   Is 
a      kolomohpklc   mapping    fcoh    zvzhy   co oh donate,   map    $  on   M.   In 
-t/i-c-d  ctue  we  white,    ft    e   H{U,C). 

DEFINITION  II.  1.6.  Lzt   M  and  W  be  ^wo  complex   analytic   Banack 
manifolds .      A  con-ixnuou-i  ma.ppi.ng    &    {horn   M  -cn-to  W  -i-4  4a^d  -to 
be  kolomohpklc   l{    g°{    Is    an    kolomohpklc   mapping    on    ft      {domain 
o{    g]    {oh    zvzhy   g    e    H[N,C).       In  tkls    casz   we  White    <J  e    H(M,M). 

We  note  here  that  the  above  definition  does  not  require 
the  two  manifolds  M  and  N  to  be  manifolds  over  the  same  Banach 
space.   We  are  now  proving  a  Theorem  similar  to  the  "analytic 
continuation  Theorem"  for  complex  analytic  Banach  manifolds. 

THEOREM  II. 1.7.  lit   M  and   M  be  two    complzx   analytic   Banack 
manifold*    ovzh  tkz   complzx   Banach  spaces    E  and   F  hzspzctlvzly . 
Supposz   tkat   M  Is    connected   and  tkat    {,    and   g    ahz   two    kolomohpklc 
mappings    {horn   M  Into    W.  I  £   tkzhz    zxlsts    somz   non-zmpty   and 
opzn   sabszt    U  o{j    M  Suck   tkat    £    =    g    on    U,  tkzn    {    =    g    on    M. 

PROOF:   Let  S  =  {x  e  M:  f  =  g  on  some  neighborhood  of  x  in  M} . 
By  hypothesis  and  the  definition  of  the  set  S  it  follows  that 
S  is  both  an  open  and  non-empty  subset  of  M.   We  claim  that 
the  set  S  is  closed  too. 

Since  f  =  g  on  S  and  since  both  f  and  g   [II.  1.6.]  are 
continuous  we  have  that  f  =  g  on  S.   Let  z  e  S  and  let 
y  =  f  (z)  =  g(z)  . 

Let  W,  be  a  neighborhood  of  y  in  N  such  that  the  coordi- 
nate map  w,  is  an  homeomorphism  onto  some  open  subset  P  of  F. 
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Let  Q   be  a  neighborhood  of  z  in  M  such  that  the  coordinate 
0 

map  q   is  an  homeomorphism  onto  some  open  subset  P,  of  E, 

and  Q    c  f"  (W,)  n  g_1(W,).   Define 

in^        k         k 

(11. 1)  Q^  =  g"1^)  n  Q^  n  f"1^) 

where  here  by  W,,  we  denote  the  subset  of  W,  where  both  f   (W,) 

and  g   (W  )  are  defined.   Since  by  its  definition  Q   contains  z 

k  J  m, 

k 

we  obtain  that  the  set  Q    is  non-empty  and  moreover  it  is 

m.  E  J 

k 

clear  that  is  open.   Define  two  maps  t,  and  t«  on  q   (S  n  Q   ) 

1      2    ^mQ      mk 

by 

t,  =  w,  °f°q      and   t-  =  w,  °g°q 
1     k    ^mQ  2     k  y  Mmn 

From  the  definitions  of  S  and  Q    it  follows  that  we  can  find 

mk 
a  b  e    q   (S  n  Q   )  and  then  because  of  (II.l)  we  obtain 
0      mk 

t..(b)  =  t~  (b)  .   Since  b  is  an  arbitrary  element  we  obtain 

(11. 2)  t  =  t2  on  q   (S  n  Q   ). 

0        k 

But  clearly  q   (S  n  Q   )  c  q   (Q   )  and  then  in  view  of  the 
mQ      mk     mQ   mk 

(II.  2)  and  of  the  Theorem  0.14./  we  infer  that  t-.  =  t2  on 

qm  (Qm  }'  °r  Wk°foqm    =  Wk°qoc3m    on  qm  (Q   }'   But  both 
m0   mk       K    mQ     K    mQ      mQ   mk 

mappings  w,  and  q   are  homeomorphisms  and  therefore  the 
K      mQ 

later  equality  in  view  of  that  fact  yields 

(11. 3)  f=gonQ 

mk 
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But  (II. 3)  implies  that  the  set  0    is  a  subset  of  the  set  S. 

~mk 

But  from  the  construction  of  the  set  0   we  have  that  z  e  Q 

~mk  mk 

and  hence  we  have  that  z  e  S.   Therefore  we  have  shown  that 
S  c  s  and  hence  we  obtain  that  the  set  S  is  closed.   Finally, 
since  M  is  assumed  to  be  connected  and  since  we  have  shown 
that  S  is  both  open  and  closed  we  obtain  S  =  M  and  the  Theorem 
is  proved. 

§2.   The  Kobayashi  Pseudodistance  On  a 
Complex  Analytic  Banach  Manifold 

In  the  sequel  by  A  we  will  denote  the  open  unit  disk  in 

the  complex  plane  and  by  3  A  its  boundary.   If  M  is  a  complex 

analytic  Banach  manifold  by  tf (A,M) ,  we  will  denote  the  set  of 

all  holomorphic  mappings  from  A  into  M.   7Je  will  denote  by  p 

the  Poincare-Bergman  distance  on  the  unit  disk  A.   Recall  that 

p  is  defined  for  every  pair  of  points  z  and  z'  of  A  by 


tanh(^p(z,z'))  =    Z    ?:" 


1  -  zz' 


DEFINITION  II. 2.1.  Let   M  be  a    complex   analytic   manifold, 
lit   x   and   y    be   two    point*    o  &    M.  Choo*e    n    +    1    point*    Pq,P-j, 
p„,...,p      o<)  M,  *uch   that   pn    =    x   and   p      =    ij .  Choo*e    In   point* 
a.,an,...,a    ,    b-,,b„,...,b      o  ft    A.  finally,    choo&z    n   mapping* 
{)  i ,  in ,  •  •  •  ,  i      °i    H(A,M)  *uch   that    faon.    each   I   =    1,1, ...,n   we 
have 

(II. 4)     ^(a.1  -  pl_1    and    ^fb.)  -  PL    . 
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Ton   each   choice   o  6   the  above.  *et*    o£   point*    {&■}■_■,,    ib.}._1, 

{p-}n-_n      o.nd   mapping*    {/J-}1?.-,,  tku.6    made.,    we  con*lden   the.  *um 

n 
(II. 5)      E   P(<^,bJ  • 
>t=  7 

We  denote  by  d\,(x,tf)  £ne  Infimum,    taken   oven  all   po**lble 
choice*    o£   the.   point*    fo/}/_  7  ,{6^}^.  J '  ^^xX?   and  maPP+-n9* 
{&-}n-_1      *atl*^ylnq    (II. 4),  0^  ike  nambe^-6  obtained  -en  (II. 5) 

The  function  obtained  from  the  above  definition  has  the 
following  properties. 

THEOREM  II.  2. 2.  Let   M  be.   a    complex   analytic    Banach   manifold. 
The.   function   d^:    M*M  ■*  R  defined   by    [x,y]    +   d^[x,y)    l&    a 
p*eudo distance    on   M. 

PROOF:   Consider  two  points  x  and  y  in  M.   If  x  =  y,  we  may 
choose  points  pQ  and  p,  such  that  pQ  =  x  and  p^  =  y.   Let 
f  e  H(A,M)  and  points  a,,b,  e  A  such  that  £(a.j)    =  pQ  and 
f(b,)  =  P-i  •   Since  pQ  =  p,,  we  can  take  a,  =  b^.   But  then 
p(a1,b1)  =  0  for  that  choice  of  a],,b1,p0,p1  and  f.   Since  dM 
is  always  greater  than  or  equal  to  zero  and  since  dM(x,x)  is 
the  infimum  of  the  numbers  (II. 5)  of  the  Definition  II. 2.1., 
that  infimum  in  this  case  must  be  equal  to  zero.   Therefore, 


we  have  shown  that  for  each  x  in  M  we  have  dM(x,x)  =  0.   The 

triangle  inequality  is  satisfied  trivially  and  hence  the 
Theorem  is  proved. 

THEOREM  II. 2. 3.  Let   M  be  a   complex   analytic   Banach   manifold. 

The.   function   d„:    M*M  ■*  R   defined    by    [x,y]    ■*■   d^[x,y)    I*    con- 
tinuous . 
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PROOF:   Let  r  be  any  positive  real  number.   It  suffices  to 
show  that  the  sets 

A  =   { (x,y) :  dM(x,y)  <  r} 
B  =   {(x,y)  :  dM(x,y)  >  r} 

are  open  in  11*M. 

We  first  prove  that  A  is  open.  Let  (a,B)  be  any  point 
of  A.  Then  dM(a,B)  =  q  <  r.  Take  p  =  %(r-q)  and  consider 
the  open  set  U  in  Mxm  defined  by 

U  =  B  (a)  x  b  (3)  • 
p       p 

If  (x,y)  €    U,  then  we  have  that 

dM(x,y)  <  dM(x,cx)  +  dM(a,B)  +  dM(B,y)   <  p+q+r  =  q+2p  =  r. 

The  last  inequality  implies  that  (a, 3)  e  U  c  A;  and  therefore, 
A  is  open. 

Now,  let  (a, 3)  be  any  point  of  B.   Then  we  have  that 
d,(a,B)  >  r.   Take  p  =  ^(q-r)  and  consider  the  open  set  V  in 
Mxm  defined  by 

V  =  B  (a)  x  b  (3)  . 
p       P 

If  (x,y)  e  V  then  we  have  that 

dM(a,3)  <  dM(a,x)  +  dM(x,y)  +  dM(y,B). 
The  above  inequality  implies  that 
dM(x,y)  >  dM(a,3)  -  d,.(a,x)  -  d  (3,y)  >  q-p-p  =  q-2p  =  r. 
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The  above  inequality  implies  that  (a, 6)  e  V  c  B;  and  there- 
fore, the  set  B  is  open. 

The  pseudodistance  d„  defined  in  the  Definition  II. 2.1. 
on  a  complex  analytic  Banach  manifold  is  called  the  Kobayashi 
pseudodistance  on  M.   This  pseudodistance  has  the  property, 
as  we  will  see  below,  that  it  is  the  largest  pseudodistance 
defined  on  M  for  which  every  holomorphic  mapping  from  A  into 
M  is  distance  decreasing.   Moreover,  if  M  and  N  are  two  com- 
plex analytic  Banach  manifolds  furnished  with  the  Kobayashi 
pseudodistances  d   and  dN  respectively,  then  every  biholomor- 
phic  mapping  from  M  onto  N  is  an  isometry. 

THEOREM  II. 2. 4.  L et   M  and   M    be   two    complex   analytic   Banach 
mani.faoldi, .       I  fa    fa   t&    a   holomofiph-ic   mapping    fafiom   M  i.nto    W,  then 
faofi   each   pai.fi   x,y   e    M  toe  have 

dM(x,y)    >   dNlfalx),fa(y)). 

PROOF:   It  is  enough  to  observe  that  each  choice  of  points 
{a.  }^_-|  ,  {b.  }n_i  ,  {p- }  ■  _n  and  holomorphic  mappings  {f .  }  . _,  made 
for  defining  d,.,  yields  a  choice  of  points  {a.  h=w^.^=i  * 
{f(p.)}n_n  and  holomorphic  mappings  -C f: ° f: .  } ^ _ -i  needed  for 
generating  d... 

THEOREM  II. 2. 5.  Let   M  and   M    be  two    complex   analytic   Banach 
mani.faoldi> .       I  fa    fa   ti>    a    biholomofiph-tc   mapping    fafiom   M  onto    hi, 
then    faofi    each   pai.fi   x,yeU   we  have   that 

duix,y)    =    du(  falx) ,  fa[y)  ) . 
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The  proof  of  the  above  theorem  follows  immediately  from 
the  Theorem  I I. 2. 4.   We  are  proving 

THEOREM  II.  2. 6.  Let   M  be  a   complex   analytic   Banach   manifold 
and  tut   d'    be  any  pAcudo  distance,   on   M  *uch  that    {on.   e.ven.y 
pain,  a,  6  e  A  and    {on.  e.vzn.y    {    e  H(A,M)  we  have 

d'  [{{ol)  ,{[&)  )  <  p(a,B)  . 

Then   we  have  -thai 

d^[x,y)    >   d'[x,y)    {on.   x,y   e  M. 

PROOF:   Let  {a.} ?=1, {b±} J,1# {Pi^Q  and  {fi}i=l  be  aS  in 

Definition  II. 2.1.   Then 

n  n 

d'  (x,y)  <  I      d'(pi_1,p.)  =   E   d'-(fi(ai)  ,fi(bi)) 
i=l  i=l 

n 
<   E   p(a. ,b. ). 
i=l 

But,  the  infimum  of  the  right  hand  side  of  the  above  inequal- 
ity taken  over  all  possible  choices  of  the  points  ^ai^i=i' 
{b. }n=1, {p . }n=Q  and  mappings  (f^j^i  is  bY  definition  equal 
to  d  (x,y) .   Hence,  the  above  inequality  proves  the  Theorem. 

THEOREM  II. 2. 7.  Let   M  and   W  be  two    complex   analytic   Banack 
manl{oldi> .  Then   {on.   even.y   pain,   x,  y   e    M  and   {on,   e.ven.y  pain, 
x ' ,  y '    e  M  uie   have 

(II. 6)  dM(x,y)    +   du{x',y')    >   d^i  [  x,  x'  ),[y,y')  1 

>  maxidyix, y) ,  d^ ( x ' ,  y ' ] ) . 
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PROOF:   Define  a  mapping  f  from  M  into  M><N  by  f(x)  =  (x,x'), 
and  a  mapping  g  from  N  into  M*N  by  g(x')  =  (y,x').   Theorem 
II. 2. 4.  implies  that  both  mappings  f  and  g  are  distance-de- 
creasing, and  hence  we  have  that 

dM(x,y)  +dN(x\y')  >  dMxN(f(x),f(y))  +  dMxN  (g  (x1 )  ,g  (y  ' )  )  = 

=  dMxN((x,x'),(y,x'))  +  dMxN((y,x'),(y,y'))  >  dMxN  (  (x,x' )  ,  (y,y')) . 

From  the  above  inequalities  we  obtain 

(II. 7)   dM(x,y)  +dN(x,,y')  >  dMxN ( (x,x ' ) , (y ,y ' ) ) . 

Define  a  new  mapping  K  from  M*N  into  M  by  the  rule  K(x,y)  =  x, 
and  a  mapping  k  from  M*N  into  N  by  the  rule  k(x,y)  =  y. 
Appealing  to  the  Theorem  II. 2. 4.,  once  again  we  obtain 

(II. 3)   dMxN((x,y)  ,(x\y'))  >  dM(K  (x,y)  ,K  (x1  ,y ' )  )  =dM(x,x') 

and 

(II. 9)   dMxN((x,y) ,(x\y'))  >  dN (k (x,y) ,k (x ' ,y ' ) )  =dN(y,y'). 

Finally,  combining  inequalities  (II. 7),  (II. 8)  and  (II. 9)  we 
obtain  (II. 6) . 

The  inequality  dMxN ( (x,y) , (x • ,y ' ) )  >  max (dM (x,y) ,dN (x ' ,y ' ) ) 
can  actually  become  an  equality.   In  particular,  we  obtain 
such  an  example  by  taking  M  =  N  =  A.   Also  the  equality  holds 
if  A  is  substituted  by  Am  =  AxAx...xA.   The  last  equality 
also  serves  as  an  example  to  the  fact  that  the  Kobayashi 
pseudodistance  does  not  coincide  with  the  Bergman  metric  on 
Am  unless  m  =  1. 
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DEFINITION  II.  2. 8.  Let  M  be  a  complex  analytic  Banach  mani- 
fold and  tut  X  be.  a  connected  and  locally  pathwlse  connected 
topological  space.  We  uilll  -bay  that  X  Is  a  covering  manifold 
ofi  M,  l{  and  only  l^,  there  Is  a  continuous  mapping  it  firom  X 
onto  M  with  the.  property  that  each  point  y  o ^  M  has  a  neigh- 
borhood [/  whose  Inverse  Image  under  tt  Is  a  disjoint  union  ol 
open  sets    In   X  each   homeomorphlc  with    \I  under   tt. 

THEOREM  II.  2. 9.  Let   M  be   a   complex   analytic    Banach   manifold 
and  let   X  be  a  covering   manifold  o &   M  with   covering   projection 
tt.  Let   p,q    e    M  and   x,y    e  X  be  such   that   tt(x)  =  p   and 
tt  (  y)    =    q  .  Then 

d..[p,q)    =    I   n    {,    {d^[x,y):       Tr(y)  =  q} . 
y  e  X 

PROOF:   Appealing  to  the  Theorem  II. 2. 4.,  we  obtain 

dM(p,q)  <  i  n  f  dx(x,y) . 
y  e  X 

Assuming  that  strict  inequality  holds,  we  can  find  some 
positive  real  number  e  such  that 


(11.10)     d  (p,q)  +  e  <  i  n  f  dx(x,y) 

y  e  X 


But  by  the  definition  of  d  ,  it  follows  that  there  exist 
points  a,  ,a2,  .  .  .  ,a,  ,b-,  ,b2,  .  •  •  ,bk  of  the  unit  disk  A,  points 
pn,p-,  ,  .  .  .  ,p,  of  M,  and  holomorphic  mappings  f ,  ,f  2,  •  •  •  »fj.  of 
A  into  M  such  that 

P=f1(a1),  f2(bl)  =f2(a2) Vl^-l*  =fk(ak}'  fk(bk)=c* 
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and 


dM(P/q)  +  £  >  £  p(ai,bi; 


Now,  we  can  lift  the  holomorphic  mappings  f,,fp,...,f,  to 
holomorphic  mappings  F, ,  F~ , . . . ,  F,  of  A  into  X   [19]   in  such 
a  way  that 


x  =  P1(a1) 

Fi(bi)    =  Fi+l(ai+l)       for  each   i   =    1'2'""H 

it    o    P.    =   f.  for   each   i   =   1,2,... ,k    . 

11 

k 
By  letting  y  =  Fk  (bjj  ,  then  tt  (y)  =  q  and  dx(x,y)  <   £  p(ai,bi) 

Hence , 


dx(x,y)  <  dM(p,q)  +  e ; 

and  then  the  above  found  inequality  contradicts  (11.10). 

It  is  not  known  whether  the  infimum  is  attained  for  some 
y  in  X  even  for  the  case  of  the  complex  manifolds. 

§3.   The  Caratheodory  Pseudodistance  On  a 
Complex  Analytic  Banach  Manifold 

In  the  sequel  by  H (M)  we  will  denote  the  set  of  all 

holomorphic  mappings  from  a  complex  analytic  Banach  manifold 

M  into  the  unit  disk  A  of  the  complex  plane.   Also,  by  p  we 

will  denote,  as  previously,  the  Poincare-Bergman  metric  on  A. 

DEFINITION  II.  3.1.  Lzt   M  bi   a.   complzx   analytic   Banach   mani- 
fold  and  let   x   and    y   be.   two    point*    o  &    M.   We  will    denote    by 
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c..[x,y)    the.  n.eal   numbe.fi   defilmd  as    the  supucmum   o  ^   the   numbers 
p(|[x|,  III/)  )    taken   with   respect   to    the.    family   o  ft    the   ma.ppA.ng6 
belonging   to   H[M).      In   othcn.  wands,    we   define. 

c.Ax,  y)    =  s   u  p      (piUx) ,  ft[y)  )  }. 
M  ieH[U] 

It  is  easy  to  see  that 

THEOREM  II.  3. 2.  Let   M  be.   a   complex   analytic    Banach   manifold. 
The   function   a,,:  MxM  +  R  denned  by  (x,t/)  ■+■  c^[x,y)    Is    con- 
tinuous   and   a   pseudodistance.   on   M. 

The  above  defined  pseudodistance  is  called  the  Caratheodory 
pseudodistance  on  M.   From  what  it  follows,  we  can  see  that 
the  Caratheodory  pseudodistance  shares  many  properties  with 
the  Kobayashi  pseudodistance,  and  in  particular,  the  dM  is 
greater  than  or  equal  to  Cw.   Moreover,  the  Caratheodory 
pseudodistance  may  also  be  considered  as  a  generalization  of. 
the  Poincare-Bergman  metric  for  A.   We  return  now  to  the 
properties  of  cM. 

THEOREM  II. 3. 3.  Let   M  be   a   complex   analytic   Banach   manifold. 
Ton.   eve.n.y  path.   o{   points    x   and   y   o  {,    M  we.   have 

PROOF:   Choose  points  pn,p,,...,p   of  M,  points  a-,  ,a2 ,  •  •  •  ,3-    , 
b,,b2,...,b   of  A,  and  mappings  f,,f2,...,fn  of  tf(A,M)  such 
that  for  each  i  =  1,2, ...,n  we  have 

fi(ai)  =  pi_1  and  fi(bi)  =  p±. 
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Let  F  be  a  holomorphic  mapping  from  M  into  A.   Then  the 
mappings  F°f .  are  holomorphic  mappings  from  A  into  A  for 
each  i  =  l,2,...,n.   Schwarz's  lemma  implies  that  all  these 
mappings  are  distance  decreasing  with  respect  to  the  Poincare- 
Bergman  metric,  and  hence,  for  each  i  =  l,2,...,n,we  have 


p(ai,bi)  >  p(Fofi(ai) ,Fofi(bi) ) 


Therefore , 

n 


E  p(a.,b.)  >   E   p(F°f  (a.) ,F°f . (b.))  >  p  (P«f ,  (a, )  ,F°f  (b  )  ) 

•_-i    -L-i-     i=i  nn 

=  p(F(x) ,F(y)) . 

Finally,  in  view  of  the  above  inequality,  we  obtain 

n 
dM(*/Y)  =  inf  _E   p(a.,b.)  >  sup  p(F(x),F(y))  =  cM(x,y) .   . 

The  proofs  of  the  following  Theorems  are  similar  to  the 
ones  in  the  previous  section  and  therefore  will  be  omitted. 

THEOREM  II. 3. 4.  Lzt   M  and   N    be  two    complex   analytic    Banach 
manifold* .       lit    {    be  a   holomorphic   mapping,    {nom   M  Into    hi. 
Then 

cM(x,^J  *  eN(^(x]  ,  iiy)  ) 

{on.   all   palh.i>    o{    point*,    x   and    y   o fa    M. 

THEOREM  II.  3.5.      Let   M   and   H    be   two    complex   analytic   Banach 
manifold*.      Then    nvcuy    blholomoftphlc   mapping    £    {ftom   M   onto    U 
li>    an   li>omcth.y ,    I.e., 
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The  following  Theorem  indicates  that  the  Caratheodory 
pseudodistance  cM  is  the  smallest  pseudodistance  defined  on 
a  complex  analytic  Banach  manifold  for  which  every  holomorphic 
mapping  f  from  M  into  A  is  distance  decreasing. 

THEOREM  II.  3. 6.  Let   M  be   a   complex   analytic    Banach   manifold. 
Let  d   be  any  p^eudo distance   defined   on   M  Auch  that   {on.   eveny 
pain.   o{   point*    x   and   y   o{   M  we  have 

d[x,y)    >    p{{{x) ,{[y)) 

{on,   eveny   holomonphlc      mapping    {    {nom   M  Into    A.  Then    {on 
even.y  pain   o{   point*    x   and   y  o  {   M  we  have 

cM(x,i/)  <  d[x,y)  . 

THEOREM  II.  3. 7.  Let   M  and   W  be  -two  analytic   Banach   manl{old* . 
Then    {on.   even.y  pain   x,y   e    M  and  x',y'    e    W,  we  have 

cM(x'y)  +  cW(x''^']  "  cMxM(  (x'x']  >  fy»y'J  )  *  max(cM(x,t/], 

We  are  closing  this  section  with  the  remark  that  in  the 
case  of  the  k-dimensional  polydisk  A  ,  we  have  that  the 
Kobayashi  and  Caratheodory  pseudodistances  agree  [13]. 
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